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MUC LUC



Chuong 1

Problems

. Cho z,y, z 1a cdc sd duong thdéa zy + yz + 2z = 1, chitng minh

1 1 1
\/1+(2x—y)2+\/1+(2y—z)2+\/l+(2z—x)2

w
w%
)

<

. Cho cac s6 duong a, b, c thda abc = 1, chiing minh ring

avb+c bJ/cta cva+b )
b+c+1 c+a+1 a+b+1

. Véi moi s6 khong am a, b, ¢, ta c6

/ a / b / c
<1
4a+4b+c+ 4b+4c+a+ 4e+4a+b —

. Cho céac s6 duong a, b, ¢, chitng minh

1 n 1 n 1 < a+b+c 1 n 1 n 1
a?+bc b2 +ca Z+ab " ab+bct+ca\a+b b+c c+a

. Chitng minh riing v6i moi s6 duong a, b, ¢ ta luon c6

a’ b3 I a+b+c
+ + >
202 —ab+ 202 202 —bc+2c¢?2  2c?2 —ca+ 2a% 3

. Cho céc s6 khong am a, b, ¢ thda a + b+ ¢ = 1. Chiing minh bat ding thiic

Jor Ly o o [ @ <¢§+<1—“f) (Ja =]+ 1o = el +]c — al)

4 4 4

. Cho céc s6 duong a, b, c théa a + b+ ¢ = 3, chitng minh bét ding thic

a3?b + b3 % + 2 <3

. Chitng minh rang v6i moi sé thuc a, b, ¢, ta c6

ab n be . ca
4a2 + b2 +4c?  4b%2 + 2 +4a?  4c? + a? +4b?

1
< =
-3



CHUONG 1. PROBLEMS

9. Cho céc s6 khong am a, b, ¢ thdéa a + b + ¢ = 3, chitng minh

a? 4+ b2 b2 + ¢2 2+ a? 3
\/(a+1)(b+1) +\/(b+1)(c+1) +\/(c—|—1)(a+1) 7

10. V6imoia>b>c¢ >0, dat

_a b c

N b+c+c+a+a+b
2b+c¢)—a  2(c+a)—b 2(a+b) —c

Q= da+b+c 4b+c+a de+a+b

P

Chitng minh ring
(a) Néua+c>2bthi P> Q.
(b) Néua-+c<2bthi P<Q.

11. Cho cac sb khong am a, b, ¢ théa a + b+ c =1, dat o = a® 4+ b> + 2, chiing minh bat ding thic

Vi+2a2 -2+ V1422 —2+V1+22 -2 >11 - 9z

12. Chiing minh ring v6i moi a, b, c > 0, ta co

1 1 1 3
>
a@tb) " bbro deta) — 2abe)P

13. Chiing minh ring néu a,b,c > 0 thi

1 1 1 3
+ + >
ava+b bJ/b+c cveta T 2abe

14. Cho cac sb duong z,y, z thda 22 + y? 4 22 > 3, chitng minh ring
25— g2 5_ 2 25,2
+ >
I5+y2+22 y°+22+$2 ZJ+I2+y2

15. Chon >3 va ay,as,...,a, 1 cic s6 khong am théa a? 4+ a3 + - -- + a2 = 1, ching minh bat déng
thic 1
—=(a1 +az+ - +an) > a1a2 +agaz + - - + apay

V3

16. Cho cac sé duong a, b, ¢, chiing minh bat dang thiic

a b ¢ ab + be + ca
— 4 -+ - — > V3+1
\/b+c+a+\/a2+b2+62 = V3+

17. Chitng minh ring véi moi a, b, c > 0, ta c6

a> v 2 8(ab+ bc+ ca)
=+ s+ +
2 a

= >11

a?+b2+c2

18. Chitng minh ring v6i moi sé duong aq, as, . .., an, b1, ba, ..., by, ta cod

(S00t) (32) = (St (3522

i=1 =1



19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Chtng minh ring véi céc sd thuc a, b, c d6i mot khac nhau, ta c6

1 1 1 27
240+ —ab—be— > 2
(@46 +c —a ¢ - ca) (a—b)Q—’_(b—c)Q—i_(c—a)2 — 4
Cho céc s6 khong am a, b, ¢, d théa a? + b? + ¢ + d? = 4, ching minh bat ding thiic

1 1 1 1

<
3—abc+3—bcd+3—cda+3—dab_2

Cho céc s6 duong a, b, ¢, chiing minh bat ding thiic
2 P21 2
g+§+523 [a? +b% + ¢
b ¢ a ab + bc + ca
Cho cac s6 khong am a, b, ¢, chiing minh bat déng thic

T2 1 2 2 2 2
7/3(a% +b +c)+a b+b (:JrcaZ

at+b+e a3 + b3 + 3

Chitng minh rang véi moi sé duong a, b, ¢ ta c6

a’ b3 e

a3 + abe + b3 + b3 + abe + ¢3 + S +abe+ad —

Cho cac sb duong a, b, ¢, d, chitng minh rang

abe n abd n acd . bed
(d+a)(d+b)(d+¢c) (c+a)c+b)(c+d) (b+a)b+c)b+d) (a+Db)(a+c)a+d)

1
> _
-2

Chtng minh réng véi moi a,b,c > 0, ta c6
ab+c 4 bc+a 4 Ca+b 2 1
Cho n > 3,n € N va x,%9,...,%, la cic 5O khong am cé tdng bing 1. Tim gia tri 16n nhat cta
biéu thic
P(xy, @9, ... xn) = 2322 + 2322 + - + 232 + n? Vel o8

n

Cho cac sb thie ay,as,...,a, théa ajas ---a, = 1, tim cic hing s6 tét nhat m, M sao cho

\/a%+n271+\/a§+n271+~~-+\/a,21+n271Sm(a1+a2+---+an)+M

Chting minh ring véi moi s6 duong a, b, c, d, ta c6

c + b + ‘ + a <I(lililyl
3a2 4202 +¢2 302 +2c24+d? 32 +2d2+a?  3d24+2a2+02 " 6\a b ¢ d

Cho céc sd duong x,y, z, chiing minh bat ding thitc

:L“(y+z)+y(z+x) z(w+y)<x+y+z 224yzr Y4z P4y
2?2+yz Y4z 22+xy T Yryz T x(y+z) ylz+x) zx+y)

V6i moi s6 duong a, b, c thda a +b+c =3, ta co

a . b . c >3
b2+c c2+a a?24+b 2



CHUONG 1. PROBLEMS

31. V6i moi s6 khéng am a, b, c thda a +b+c =3, ta c6

aV3+1+bV/A+1+ce/ad+1<5

32. Tim hing s6 k tot nhit sao cho bat déng thitc sau ding véi moi a,b, ¢ > 0

1) S g bmax{(a b2 (0= P (c— )’}

(a+b+c) LI
“ NaTv e (a+b+c)?

33. Cho cac s6 duong x, vy, z ¢6 tich bing 1, chitng minh ring véi moi k > 0, ta c6

N +§/ y +</ N 3
y+k z+k r+k " Yk+1

34. Cho céc s6 duong a, b, ¢, chitng minh bat ding thiic

3
abe(a+ b+ ¢)

b2 + 2 2 +a? a? + b?

alb+c) blct+a) cla+d) ~ > (a® + 0 + %)

35. Cho céc sb duong a, b, ¢, chimg minh bt ding thic

2 b2 2 15 2 b2 2
2 a7+7+ci +3(a+b+c)2(a+—+0)
b c a a+b+c

36. Ching minh ring véi moi s6 thyc duong x,y, 2z c6 tich bing 1 v& véi moi k > 0, ta c6

N +</ Y jLil/ . 3
y+k z+k z+k ~ VE+1

37. Chitng minh ring v6i moi s6 khong am a, b, ¢ va véi moi k > 3, ta c

a(b® + k) b(c* +a¥)  c(ak +bF) S S
a2 + be b + ca 2+ ab

38. Cho céc s6 khong am a, b, ¢, chting minh bat ding thitc

a* + bt + ct ad+ b+
ad+abc+b  VH+abc+cd B +abe+ad T a? + b2+ 2

39. Cho cac sb6 duong x,y, z,t thda

LN SRS NN
r4+1 y+1 z+1 t+1

Chitng minh ring

1 1 11 1 11 1 1
min +*+*,*+*+*,*+*+ -+ -7 <1<
y zy =z tz t .73 y
1
z

1
<max{ +7+
Y

S T e i et

11 11 1 11 1 1
'y ozt z 't oy

40. Cho céc s6 khong am a, b, ¢, chting minh bat déng thitc

a? n b? n 2 S a+b+c
VaaZ + ab+ 4b2 VA2 +be+ 42 VAR + ca + 4aZ 3




41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

Cho céc sb duong a, b, ¢, chiing minh bat ding thiic

albre) | bleta)  clath) <1\/(a+b+c) G+1+%> +27

a2+ be b2+ ca c2+ab — 2 b

Cho céc s6 khong am a, b, ¢ théa a 4+ b + ¢ = 1, chiing minh bat déing thic

a b c 3
<

+ +
Va+2b Vb+2c e+2a V2

Cho céc s6 khong am a, b, ¢, tim hing s6 k t6t nhat dé bat ding thic sau dung

kmax{(a — b)2, (b — c)?, (c — a)?}
ab + be + ca

a n b . c
b+c c¢c+a a-+b

>3,
-2
Cho céc sd khong am a, b, ¢, chiing minh bat déng thic
a \* bo\? ¢\ 3 [a+b2+e2 ?
+ + <zl
a+b b+ c c+a 8 \ab+bc+ ca

Cho a,b,c,d la cac s6 duong théa man a,b,c > 1 va abed = 1, chitng minh ring

1 1 1 1
<4
@ —a+ 1) W br12 (@ —crl)p  (@_dr1p "

Vé6i moi s6 khong am a, b, ¢, chitng minh rang

a? + 4bc b2 + 4ca c2 + 4ab
\/ +\/ + >24+V2

b2 + c2 c? + a? a? + b2

Cho céc s6 khong am a, b, ¢, chting minh bat ding thitc

(a—b)(13a+5b) (b—1¢)(13b+5¢)  (c—a)(13¢c+ ba)
>0
a? + b? b2 + 2 2+ a? -

Chitng minh riang véi moi sé duong a, b, ¢, n, ta c6
a? +be\" b2 4+ ca\" 4 ab\"
> n b7l n
(b+c) +(c+a> +(a+b> s

Cho cac s6 khong am a, b, c théa a + b+ c = 1. Tuy theo gia tri clia n € N, hay tim gia tri 16n nhét
va gid tri nhé nhat ctia biéu thitc

P(a,b,c) =a(b—¢c)" +blc—a)™ + c(a—b)"

Cho cac sb duong a, b, c théa a + b+ ¢ = 3, tim hing sé k 16n nhét sao cho

a®+b° 45 -3
—_ >k
a4+ +cd -3

Cho céc sb khong am a, b, ¢ théa a? + b? + ¢ = 8, chiing minh béat déng thric

d(a+b+c—4) < abc
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53.
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55.
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57.
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59.

60.

61.

62.

CHUONG 1. PROBLEMS

Cho m,n (3n%? > m?) la cac s thuc cho truée va a,b,c 1a cic s6 thyc théa man a + b+ ¢ =
m,a® + b + ¢ =n?. Tim gia tri 16n nhat va gia tri nhé nhit ctia bidu thic sau

P=ad’b+b%c+a

Tim hing sb k£ nhé nhét sao cho véi moi a,b,c > 0 thi

a3 n b3 n 3 < 3(a+b+c)
ka? 4 (b+ c¢)? kb2 + (c+a)? kc? 4+ (a+b)? — k+4

Chtng minh réng néu a,b,c >0 va a + b+ c = 3 thi

(ab+ bc + ca) A b T
2+9  2+9 a?+9

IN

9
10

Cho cac sb duong a, b, c thda a + b+ ¢ = 3, chitng minh bat ding thitc

ab n be n ca <§
V2 +3 Va?+3 V2437 2

Chitng minh ring véi moi a, b, ¢ duong thi
b+c c+a a+b 16(a+b+c¢)3
+ + >
a b c 3(a+b)(b+c)(c+a)

Tim hiing s6 k 16n nhét sao cho bat ding thic sau ding

1 1 1 k
<
a(l + be)? * b(1 + ca)? + c(I+ab)?2 = (1 +ab)(1+be)(1+ ca)

ool

.3
4
trong dé a, b, c 1a cac sb duong thda abc = 1.

In3
In3—In2

a2 1/k b2 1/k 2 1/k
L _ > 2
<b2+bc+62) +<c2+ca+a2> +<a2+ab+b2) -

Cho céc s6 khong am a, b, ¢ chting minh bat ding thic
a? + be \/ b2 + ca \/ 2+ ab
> V6
\/b2+bc+02 + c? 4+ ca+ a? + a?+ab+ 02 — Vo

Chiing minh réng v6i moi z,y € [0, 1], ta c6

Cho céc s6 khong am a, b, ¢, chting minh bat ding thitc sau véi k =

1 1 1
>1
x2—x+1+y2—y+1* +$2y2—my+1

Cho céc sd duong a, b, ¢, chiing minh bat ding thiic

a n b " c >i ab+ bc+ ca
a+b Vb+ec ct+a = V2 a? + b2 + 2

Chitng minh ring v6i moi a,b, ¢ > 0, ta c6 bat ding thitc

a?(b+c) b (c+a) n c2(a+1b)
O+ c)2a+b+c) (24+a?2)(2b+c+a) (a24+b0*)(2c+a+1D)

v

2
3



63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

Cho céc sb duong a, b, ¢, chitng minh ring véi moi k > 2, ta c6 bat ding thic
a—i—b—&—c2 i/a—&—c_'_(/c—i—b_’_ ,\c/b—&—a
vabe b+c a+b c+a

Cho céc s6 khong am a, b, ¢, chting minh bat ding thitc

3a+3/b+3 c>2 abc 1
Vo+e c+a Va+b™ (a+b)(b+c)(c+a)

Cho céc 6 thuc a,b, ¢, d théa a? + b 4 ¢? 4+ d? = 4, chitng minh bat ding thic

9(a+b+c+d) < 4abed + 32

Cho céc s6 khong am a, b, ¢, chting minh bat ding thitc

\/a2—|—256bc+\/b2+256ca+\/02+256ab>12
b% + c? c +a? a?+02 =

Cho céac sb duong z,y, z ¢6 tich bang 1, chitng minh ring

T y+z

>1
y4+2+z4+2 i 42~

Chitng minh ring v6i moi s6 duong a, b, ¢, d ta c6 bat ding thic
1+1+1+1 1 n 1 n 1 n 1 S 16
a b ¢ d a+b b+c c+d d+a) " abed+1
Cho céc sb duong a, b, ¢, d théa a® + b + ¢? 4+ d? = 4, ching minh bat ding thic

1 1 1 1
a+b+c+d<§/<abcdﬂ)(+++)
a C

2 b d

Cho cac sb duong a, as, . .. ,a, théa ajas - --a, = 1. Khi dé, véi moi k € R, ta c6

1 n 1 " n 1 > m {1 n }
o s mind1 2
(1+a)k  (1+az)k (1+ap)k — ' 9ok

Cho a, b, ¢ 1a cac s6 duong, chiing minh ring
a® v 2 5
il e = Z > b5 5 2
(2) bc+ca+ab+abc_a tohet

a® v e

3
b) —+ —+—+—>at+bv 4+ +3
()bc+ca+c¢b+ab0_aJr tet

Cho z,, 2,t 1a cac s6 duong théa xyzt = 1, chitng minh ring

1 1 1 1
+ + + <1
zy+yz+ze+1 yz4zt+ty+1 z2zt+tex+zz+1 trt+ay+yt+1

Chitng minh ring v6i moi x,y, z,t > 0 thi

(x+y)(@+2)(z+t)(y+2)(y+t)(z+1t)>dayzt(z+y + 2 +t)?



74.

75.

76.

e

78.

79.

80.

81.

82.

83.

84.

CHUONG 1.

PROBLEMS

Chitng minh ring v6i moi s6 duong ai,as, ..., a, thda aias - --a, = 1 ta c6 bat déng thic

Vai+1+y/a3+1+- 4+ a2 +1<V2(a1 +ag+ - +ay)

Chting minh ring véi moi s6 duong a, b, ¢ ta cé bat ding thiic

a+\/@+\3/abc<</ a+b a+b+c
srveer vers a- o7
3 - 2 3

Cho céc sd khong am a, b, ¢, chiing minh bat déng thic

’ + b3 + C3 > 2+bz+ 2
a C
\/b2*bC+C2 \/CZ*CCL+Q2 \/a27ab+b2

Chitng minh ring véi moi a, b, ¢ khong am

>
a? 4+ 6ab + 2b2 + b2 + 6bc + 2¢2 + c? 4 6ca + 2a% —

Cho céc s6 khong am a, b, ¢, chting minh bat ding thitc

a_ [ b n ¢ .3 3(ab+bc+ca)27\/§
b+ec c+a a+b a?+ b2+ 2 2

Cho céc s6 khong am a, b, ¢, chiing minh bat déng thic

LN b L Jr16(ab—|—bc—&—ca)>8
b+c c¢c+a a+bd a?+b+c2

Cho céc s6 khong am a, b, ¢, chting minh bat ding thitc

a2+b2+02)3/2

3(a® + % + ) + 2abe > 11 < 3

Cho céc s6 khong am a, b, ¢, d théa a? + b? + ¢ + d? = 1, chiing minh bat ding thiic

ad b3 3 43

lfbcd+lfcda+1fdab+1fabc

4
> =
-7

Cho céc s6 khong am a, b, ¢, d théa a® + b® + ¢ + d® = 1, ching minh bat ding thiic

a3 b3 (23 d3
<
= lfbcd+lfcda+lfdab+lfabc

4
< =
-3

Cho cac sb duong a, b, c,d thoa a + b+ ¢+ d = 4, chitng minh ring

1 1 1 1
Ayt S 22 2 2
ab+bc+cd+da_a +b°+c*+d

Cho cac sb duong z, ¥, z, tim hing s6 k 16n nhét sao cho

Y

T k> (k4 1)
Yy z



85.

86.

87.

88.

89.

90.

91.

92.

93.

94.

95.

Cho céc sb khong am a, b, ¢, d, chiing minh bat ding thic

a n / b L c n / d <i
a+b+c b+c+d c+d+a d+a+b~ /3

Chiing minh réng v6i moi a, b, ¢,d € [1,2], ta c6

a+b c+d a+c 3

c+d  a+b b+d 2

IN

Chitng minh ring véi moi a, b, ¢ > 0, ta luon c6

a’b b%c 2a . 3 a®+b%+ 2

cbte) alcta) Tba+td) —2 atb+e

Cho céc s6 khong am a, b, ¢, théa a® + b 4 ¢? = 3, chitng minh ring

1+ 4abc > 5min{a, b, ¢}

Véi moi a,b,c >0 va ab+ bc+ ca =1, ta c6

1 1 1 >m@

+ + >
V2a2 +3bc V202 +3ca V22 + 3ab 3

Cho a, b, ¢ 1a cac s6 thie khac 0 théa a® + b2 + ¢ = (a — b)2 + (b — ¢)? + (¢ — a)?, chiing minh bat
déng thiic
@

b

2 2.1 .2
isab—&—bc—l—cagi

1. a’bt+bctcia
12 (a+b+c¢)3 36

b
+2+5>5 2.
C a

Tim hing s6 k£ > 0 nho nhét sao cho bat ddng thic

Va+kb—e)?2+b+k(c—a)?+c+kla—0b)2>V3

ding v6i moi a,b,c >0vaa+b+c=1.

Chitng minh ring véi moi a, b,c > 0 thi
a3+abc+ b3—|—abc+ c® 4 abe > @ b 4+
(b+¢)3 (c+a)s (a+b)3 " b+c c+a a+b

Cho cac sb duong a, b, ¢, chitng minh ring

ab®> b2 ca? 6(a? + b + ¢?)
st tatbtex 2
c a b a+b+c

Tim gia tri 16n nhat cta bidu thitc
P=(a—b)(b—-c)lc—a)la+b+c)
v6i a,b,c > 0 théa a® + b% + 2 = 1.

Véi moi s6 duong a, b, c, d,
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96.

97.

98.

99.

100.

101.

102.

103.

104.

105.

106.

CHUONG 1.

Chitng minh ring véi moi sé thuc a, b, ¢ thi

a?® — be b? — ca 2 —ca
2 2 51t 73 2 5t 3 2 5 2
a’® + 2b% + 3¢ b +2¢? + 3a c? +2a?+3b

Cho céc s6 khong am z,y, z, chiing minh bat ding thiic
o A A
iy .2 G R S 52 T a2 2,2 =
T* + Yz +y°z y* +y“zo + z°x 2%+ zfxy + 2y

Cho cac sé duong a, b, ¢ théa abc = 1, chitng minh ring

1 1 1
<3
a2—a+1+b2—b+1+c2—c+1_

Chtng minh ring véi moi s6 duong a, b, c,

3a® — 2ab — b? n 3b% — 2bc — 2 L 3c? — 2ca — a?
3a2 4+ 2ab + 3b%2 362+ 2bc+3c¢2  3c2 4+ 2ca + 3a% T

Cho céc s6 duong a, b, ¢ thoéa a* + b* + ¢* = 3, chiing minh bat déng thiic

a® n b2 n c? S 3
B+1 41 a3+17 2
Cho céc sb duong a, b, ¢, chiing minh bat ding thiic
9 (a2 +02+2)P a3 . b3 . A3
2 (a+b+c)* Ta+b b+c c+a

Cho céc sb duong a, b, ¢,d thda a + b+ ¢+ d = 4, tim hing s6 k tot nhét sao cho

1 1 1 1
e T Sy B T (7l o el S Cal N )
a b ¢ d

Cho céc s6 duong z, v, z thoéa zy + yz 4+ zz = 1, chitng minh bat ding thic

z(y+2)?  ylz+x)? z(w+y)2>%
(+ef " (raef T ramp > 4

Cho céc sb khong am a, b, ¢ théa a 4+ b+ ¢ = 3, chiing minh bat ding thiic

\/a+ b2+c2+\/b+ c2+a2+\/c+ a2+b223\/x/§+1

Cho a, b, ¢ 14 do dai ba canh clia mot tam gidc, chitng minh ring

a n b n c S
3a+b—c¢c 3b+c—a 3c+a—-b—

Cho céc sb duong a, b, ¢ théa a? + b? + ¢ = 3, chiing minh bat ding thic

a . b n c <§
ab+3 bc+3 ca+3 " 4

PROBLEMS



107.

108.

109.

110.

111.

112.

113.

114.

115.

116.

117.

11

Cho céc sb khong am a, b, ¢, ching minh bat déng thic

a? n b? N c? < 3
b2+ (c+a)? 2+ (a+0b)? a?+(b+c)? ~ b

Cho a, b, c 1a do dai ba canh clia mot tam gidc, chitng minh bat ding thiic

ala—0b) bb—c) c(c—a) >0
a?+2bc  b2+2ca 2+ 2ab ~

Cho cac sb duong a, b, ¢, chitng minh

Variae Vs Ve
>
a2—|—7ab—|—b2Jr b2—|—7bc—|—02+ 2+ Tca+a? —

Cho céc s6 khong am a, b, ¢, chting minh bat ding thitc

1 n 1 n 1 <\/§( 1 n 1 n 1 >
VaZ+be VB2+ca VE+ab ~ a+b b4+c c+a

Cho a, b, c 14 do dai 3 canh ctia 1 tam giac, chung minh ring
b ¢ b
3(r+2+5-3)>2(2 45423
b ¢ a a b ¢
Chtng minh réng néu a, b, c 1a do dai 3 canh clia 1 tam giac thi

2 2 2
Lb+2+gza2+b2+02
c a b

Cho céc s6 khong am a, b, ¢ chitng minh bat ding thitc

a> v 2 9(ab+ bc+ ca)
4 2 L AT eTa ., g
Elatat a2+ +c2 ~

Cho céc s6 khong am a, b, ¢, chitng minh bét déng thtic

a b ¢
—+-+->3
c a

a4+ b2 4 ¢2 2/3
; ==

ab + bec + ca

Cho céc s6 khong am a, b, ¢, chting minh bat ding thitc

a b ¢ s 9(a® 4+ b3+ c3)
24245
b+c+a* \/(a+b)(b+c)(c+a)

Cho céc s6 khong am z,y, z thda = + y? + 22 = 1, chting minh bat déng thitc
3 e 43

+ +
224ay+y? yEtyzr+22 0 224 za+ a2

1
>
-2

Cho a,b,c 1a do dai 3 canh ciia mot tam giac, chiing minh bat ddng thiic

a2+ 4+ A 4a? a+b b+c cHa
a?2+c2 b24a?2 2402 " at+c bd+a c+b




12 CHUONG 1. PROBLEMS
118. Cho a, b, c 13 do dai 3 canh clia mot tam gidc, chitng minh ring
3(a®b 4 b3c + c3a) > (a® + b* + ¢*)(ab + be + ca)
119. Cho céc sb thic a, b, ¢, chitng minh bat déng thtic
15a%b%c? +12(a* + b* 4 ¢*)(a? + 1% + ¢) > 11(a8 + b° 4 ¢5) + 30abe(a® 4+ b + )
120. Cho céic s6 khong am a, b, ¢, d théa a + b + ¢ + d = 3, chitng minh bat ding thiic
ab(b+c¢)+bc(c+d) +cd(d+a)+da(a+b) <4

121. Cho a, b, c I céc s6 khon am théa a? + b2 + ¢ = 1, chiing minh ring

2 2 2
1 a+b 1 b+c 1 c+a Zé
2 2 2 27
122. Cho céc sb khong am a, b, ¢, d, chiing minh bat déng thrc
ab be cd da
<
a1b e T erd Tdra s Vietab+d

123. Ching minh ring véi moi s6 duong a, b, ¢ ta c6 bat ding thiic
a+b+ o \/a2+62 +\/02—|—112 +\/b2+a2
b ¢ a— Vb+c? a? + b2 2+ a?

124. Cho céac s6 khong am a, b, ¢ théa a 4 b + ¢ = 5, chitng minh bat ding thitc

16(ab + b2c + c3a) + 640 > 11(ab® + be® + ca®)

125. Cho céc s6 duong a, b, ¢, chiitng minh bat déng thitc

1 1 1 1 1 1
. >
a+b+c <a+b+b+c+c—l—a)_ab+bc+ca+2(a2+62+62)

126. Chitng minh rang v6i moi sé khong am a, b, ¢, d ta c6

1 n 1 n 1 n 1 n 1 n 1 > 243
ad+b a4+ B+ dB B+ B+dd A+d3 T 2a+b+c+d)3

127. Chitng minh ring v6i moi s6 khong am a, b, ¢, d ta c6

1 1 1 1 12
>
a2+b2+02+b2+02+d2+02+d2+a2+d2+a2+b2 “ (a+b+c+d)?

128. Cho céc sb duong a, b, ¢, chiing minh bat déng thtic
a(b+ c) \/b(c+a) \/c(a+ b) 1
< b
\/a2+bc+ b2+ca+ 2 +ab ~ (\/E—i_\[—i_ﬁ) a+

129. Ching minh réing véi moi sé duong a, b, ¢ thi

3

B
Sl

a? — be b? — ca 2 —ab

+ + >0
VaZz +22+3c2 V2 +22+3a2 V2 + 2a2 + 3b2




130.

131.

132.

133.

134.

135.

136.

137.

138.

139.

140.

Cho céc sb duong a, b, ¢ théa a + b+ ¢ = 1, chiing minh bt ding thic

<l 2)2+ (22>2* (12> - <18—((f><+1b—2$<612)—2c>

Cho céc s6 khong am a, b, c,d théa a + b+ ¢ + d = 1, chiing minh bat déng thric

la* —b* + ¢t — d* — 2a%c? + 20°d* + 4ab’c + ded®a — 4bc®d — 4da®b| < 1

Cho céc sb duong a, b, ¢, chiing minh bat ding thiic

ab(a® +bc)  be(b® 4 ca) | ca(c? +ab
b+c c+a a+b

) > /3abc(ab? + be2 + ca?)

Tim hing s6 a nhé nhat sao cho bat ding thitc sau

3—a

(m+y+z>a<xy+yz+zx> z > (+y)(y+2)(z+2)

3 3 8
dtng véi moi s6 thye duong x,y, 2.
Cho céc s6 khong am a, b, ¢ théa a? 4+ b? + ¢ = 1, chiing minh bat ding thric

a b c 3
I< + + <z
Vi+be V14+ca V1+ab ™~ 2

Cho a, b, c 1a céc s6 khong am, chitng minh bat ding thic

a(b+c) b(c+a) cla+b) abe(a+b)(b+ ¢)(c+ a)
\/b2+02 +\/62+a2 +\/a2+b2 =42 12 1+4\/(a2+b2)(b2+02)(c2+a2)

Cho a, b, ¢ 1a cac s6 thiyc duong, chitng minh ring

a®+ b+
a? + b2 + 2

a?—ab+b> bB2—bc+c? A —ca+a®
a+b b+c c+a

3
> 2.
-2

Chting minh ring véi moi s6 duong a, b, ¢ > 0 thda abc = 1, ta c6 bat ding thic

1 1 1 1
>1
(1+a)2+(1+b)2+(1+c)2+a+b—|—c+1 -

Cho céac s6 duong z,y, x thda x + y + z = 1. Chitng minh ring

Va2 + zyz + Vi +ayz + V22 +ayz >\ a2 + 42 + 22 + xy + yz + 2z + 2431y

Chiing minh ring néu x,y, z 14 cic s6 khong am théa z? + y? + 22 = 1 thi
9 N 1 n 1 n 1 N
V18 — x 2 : 2\2 2 -

VIE -t - e

2

1+

Sl
D

Chiing minh ring v6i moi s6 khong am a,b,c thda a +b+c =1,

a b c 3
+ + < —
Vida+502  Ab+52  Vic+5a2 T V1T

13
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141.

142.

143.

144.

145.

146.

147.

148.

149.

150.

151.

CHUONG 1. PROBLEMS
Tim hing s6 k& = k(n) 16n nhat sao cho bat ding thitc sau ding v6i moi sé thuc ay, as, ..., an,
a4 a3+ -+ a2 > k(n)(araz + azaz + - + an_1a,)

Véi moi s6 duong a, b, c, ta c6

2 2 2
\3/@ +bc+€/b +ca+\3/c +ab2 ot b 1)
b+c cta a+b

Cho céc sb khong am a, b, ¢, ching minh bat déng thic

b2\ ” \? a2\’ 12(a® + b3 + ¢3)
a+ Flo+=) +(er) > 21
c a b a+b+c

Cho céc s6 khong am a, b, ¢ théa ab 4 bc 4 ca = 1, chiing minh bat ding thitc

1 1 1
- + >2v2
Va+be Vb4+ca e+ab —

Cho céc s6 duong a,b,c théa a+b+c= 1+ 3 + 1 ching minh

a+b \/b—|—c \/c+a
>
\/b+1+ c—l—l+ a—l—lf3

Cho ay, as,...,as la cic sb duong thoa

araz---as = ar(l4+ag) +as(l+as)+---+as(l+a1)+2

Tim gi4 tri nhé nhéit ctia biéu thic

Véi moi s6 duong a, b, c, ta c6

a(a+c) N b(b+a) c(c+D) S 3(a? + b2 + ¢?)
bb+¢) clc+a) ala+b) = ab+bc+ca

Chitng minh ring véi moi a, b, ¢ duong,

a(b+c) b(c+a) c(a+b) NGRS
VaZ+be VB2+ca VE+ab

Cho a, b, ¢ 1a cac s6 duong, chitng minh ring

b 11 1
342424+ >0 (a+bte) (=45 4=
b ¢ a a b ¢

Cho a, b, ¢ 1a cac s6 khong am théa méan ab + be 4 ca = 1, chitng minh

a? b P
Tt A0+ =2 VE -2
C a

Tim hing s6 k 16n nhét sao cho bat déng thiic sau ding
a+b+c+ kabe >k +3

v6i moi s6 khong am a, b, ¢ théa man ab + be + ca + 6abe = 9.



152.

153.

154.

155.

156.

157.

158.

159.

160.

161.

162.

163.

Cho céc s6 khong am a, b, ¢ théa a? + b? + ¢ = 1. Chitng minh ring
3 b3 3

a C >\/§

b2 — be + c? +02—ca—|—a2 +a2—ab—|—b2 -

Cho céac s6 khong am z,y, z théa 6 > x +y + z > 3, chitng minh ring

Vitz+/1+y+Vitz>aytyz+ze+15

Cho céc s6 duong z, vy, z théa xyz = 1, chiing minh bat ding thiec

y+z z+wT T+y <i 1 1
»+yz Ytz BHay a2 y2 22

Cho céc sd duong a, b, ¢, chiing minh bat ding thiic
9a(a + b) _ 6bc
30 + 2 <4
\/2(a+b+c)2 \/(a+b)(a+b+c) -

Cho céc s6 khong am a, b, ¢, chting minh bat ding thitc

1 1 1 1
>
(a+2b)2 * (b+2¢)? + (¢c+2a)? ~ ab+bc+ca

Cho céc s6 khong am a, b, ¢, chting minh bat ding thitc

a? n b2 n 2 ab + be + ca
a24+ab+b2  b24+bc+c2 24+cata? aZ+b24c2

Cho céc s6 khong am z,y, z théa = + y + z = 3, chitng minh bat ding thic

3
22y +y?z + §:ryz <4

Cho céc s6 khong am a, b, ¢, chting minh bat ding thitc

1 1 1 3(a+b+c)?

a? + be * b2 + ca * 2+ ab = 2(a? + b2+ c?)(ab + bc + ca)
Cho céc sb khong am a, b, ¢, ching minh bat déng thic
%(ab2 +bc® + ca®) +a® + b* + ¢® + 2 > 3(ab + be + ca)
Cho céc sb khong am a, b, ¢, ching minh bat ding thic

1 1 1 4
+ + >
Va4a? +bc VA2 +ca VA2 +ab  a+b+c

Cho céc s6 thuc a, b, ¢, chiing minh bat ding thiic

1+ a?b? n 1+ b2 n 1+ c2a? >§
(a=0)?2 (b—-0¢)? (c—a)? ~ 2

Cho céac sb khong am a, b, ¢, chitng minh ring

15
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164.

165.

166.

167.

168.

169.

170.

171.

172.

173.

174.

CHUONG 1. PROBLEMS

Cho cac sb duong a, b, ¢, chiing minh ring

g+§+£_2+ 8abc > 9
b ¢ a (a+b)(b+c)(c+a) ~

Cho céc s6 thuc a, b, ¢, chiing minh bat ding thiic
( a(b+ c) )2+( b(c+ a) )2+( c(a+b) >2>1
(a+b)(a+c) (b+¢c)(b+a) (c+a)(c+d)) — 2

Cho céc s6 khong am z,y, z théa 2 +y + z = 1. Chitng minh bat déing thic

11
\/x+y2+\/y+22+\/z+m2§€

Cho céc s6 khong am a,b,c,d théa a + b+ ¢+ d = 4, tim hing s6 k > S nhé nhat dé bat déng

thic sau dung
1 1 1 1 4

<
k—achrk—bchrk:—cdaJrk—dab_k—l

Cho céc s6 khong am a, b, ¢, chting minh bat ding thitc

3(a+b+c)22(\/a2+bc+\/b2+ca+\/cg+ab>
k Z 2
Cho day duong {z,,} thoéa Y z; > vk véi moi k = 1,2,...,n, ching minh bat déng thrc
i=1
1 1 1 1
240220 2> (14 D =
]+ x5+ +.1‘n74<+2+3+ +n

Cho céc s6 khong am a, b, ¢ thoéa 6 > a + b+ ¢ > 3, chitng minh bat ding thic

Va+1+vVb+1++vVe+1>V15+ab+ be+ca

Cho céac s6 khong am a, b, ¢ théa a + b+ ¢ = 1, chitng minh ring

a b n c <3\@

+
1 1 1 - 4
AR

Cho cac sb duong a, b, ¢ théa abc = 1, chitng minh ring

I-a)1-b)(1-¢)

1 1 1 1
>
(a+1)2 + (b+1)2 + (c+1)2 +ab+bc+ca+1 -

Cho céc sb duong z,y, z. Chiing minh bat ding thitc

° + Y + = >
8y + z 8z+x S8 +y —

Cho céc s thuc duong a, b, ¢ ¢6 téng bang 1, chiing minh ring

\/a+ (b—c)? +\/b+ (c—a)* +\/c+ @-b° 3

12 12



. _________________________________________________________________________________________________________________________|
Chuong 2

Solution

1 Cho x,y,2 la cdc s6 duong théa vy +yz + zx = 1, ching minh
1 1 1
- +
VIt@r—y)?2 V1+Q2y—2)?2 1+ (2z—1)?

Lot gidi. Data =2z —y,b=2y—z,c=2z—x,dodéa+b+c=x+y+z>0vatiaoy+yz+zzx =1,
ta c6

IN

w
1\3%
w

14(a® + b* 4 ¢?) + 35(ab + be + ca) = 49
Lai c6 3(14(a? + b2 4 %) + 35(ab + bc + ca)) < 49(a + b + ¢)2, nén
a+btc>v3
Ta sé ching minh v6i moi sé thuc a, b, ¢ théa man a + b+ ¢ > /3, thi
1 1 1
+ <
Va?+1 \/b2+1 Ve +1

Néu ¢ < 0, thay ¢ bdi ¢ = —c, thi ta ciing c6 a+b+c’ > /3, va gia tri clia biéu thitc P van khong déi,
do d6, khong mét tinh téng quat, ta c6 thé gia st a,b,c > 0, khi d6, diit a = ka1,b = kb, ¢ = kes
v6i k> 1,a1,b1,c1 > 0 sao cho aj + by + ¢ = /3, thi

w
m%
w

P(a,b,c) =

= P(a1,b1,c1)

(a,b,c)
%C: \/k2a2+ ; Va? +

Nhu vay, ta cé thé gid st a,b,c > 0 vd a + b+ ¢ = /3. Xét ham sb f(z) = ——

W7 ta co

222 — 1
"\ —
f (l) (xg + 1)5/2
Tir day, ta c6 thé dé dang kiém tra duge f 16m trén [07 %} va 16i trén [% \/5} .
Khong mét tinh tdng quét, gid st a > b > ¢ > 0, tit day suy ra ¢ < f Xét 2 truong hop

Truong hgp 1. b < f st dung bat diing thic Jensen

b+c

? ): Ve +1 J(VB-a) +4

F0) + £(e) < 2f (

Ta can chitng minh

< 2V (2.1)



18 CHUONG 2. SOLUTION

That vay, dit a = % thi 3 > ¢ > 1 va ta can ching minh

4 1
_|_
VE—6t+21  VE2+3

3
<2
2

Hay

16 L1 8/(2 + 3)(t2 — 6t + 21)
t2—-6t+21  t2+3 (t2 4+ 3)(2 — 6t + 21)

St dung bat déng thitc AM-GM, ta cé

2 2 _
\/t2+3§t17, \/t2—6t+21§¢

<3
!

Nhu vay, ta chi can chitng minh

16 N 1 +(t2+7)(t276t+37)<
2—-6t+21 243  4(t2+3)(t2 -6t +21) —

9
4

Hay
(t—1)>2(t—-2)2>0

BAt ding thitc nay hién nhien ding.
Trudng hgp 2. b > %, ta co

f(a)‘i‘f(b)ﬁf(%)—i—f(a—&-b—%)

Sit dung bat déng thitc Jensen,

f(i)+f(c)szf (Hﬁ) Y V- (oro- )

V2
Nhu vay, ta can chitng minh

\[*(aerf%
2

) +f(a+b— 1)<3\/g

of % .

Bét déng thitc nay ding theo (2.1). Bat ding thitc dugc chitng minh xong. Ding thitc x&y ra khi
Véchikhix:y:z:%.

Nhan xét. Bét ding thiic tréen vin ding véi moi z,y, z € R théa man zy + yz + 2z = 1.

VAV

2 Cho cic s6 duong a,b,c théa abc = 1, chitng minh ring

avb+c bve+a cva+b
+ > V2
b+c+1 c¢c+a+1 a+b+1

Loi gidi. St dung bat déng thic Holder, ta cé

( a\/b-&-c) <Za(b+c+1)2) S (atbio

b+c+1 b+c
cyc cyc



Do dé6, ta can chitng minh
a(b+c+1)2

3
(a+b+0)>2) T

cyc

Za3+32%+32§+624Zab+42a+22bic

cyc cyc cyc cyc cyc cyc

hay

St dung bat ding thic AM-GM, ta lai c6

b 1 1 b
gz 3uzdah 23 o <3 gesd g

cyc cyc cyc cyc cyc cyc cyc

Do do,

VTfVPzZa3+22%+gzg—42ab742a+6

cyc cyc cyc cyc cyc
1
> 3 _ _ 3 _ -
> a4 a6 z(a 4a+a+2>
cyc cyc cyc cyc
Xét ham s6 f(z) =2® — 4o+ L + 24 2Inz véiz > 0, ta c6
Fa)=@-1)(sz+3+ - -1
N 2

Néuz <1thi 5> néuz>1thil>1 dods
fllx)=0z=1
Tt day, ta dé dang kiém tra duge
flz)>f(1)=0 Vo >0
Hay

1
2 —dr+=+2>2nx Vo >0
T

Vay

Z<a3—4a+2+2> 2—22111(120

cyc cyc

Bat ding thitc dude chitng minh xong. Pang thitc xay ra khi v chi khi a =b=c = 1.

Q00

3 Vdi moi s6 khong am a,b,c, ta cé

/ a / b / c
<1
4a—|—4b—|—c+ 4b+4c—|—a+ 4de+4da+b —

Loi gidi. Cach 1. Sit dung bat déng thitc Cauchy Schwarz, ta c6

a a
- < 3 -
Z\/4a+4b+c_\/z4a+4b+c
cyc cyc

19

Khoéng méat tinh téng quat, gid st a+b+4c = 3 va b 14 s6 hang nim giita a v& ¢, ta can chiing minh

a
2 a1

cyc



20 CHUONG 2. SOLUTION
hay
a?b+ b2c+ Pa+abe < 4
Vi b 1a s6 hang nim gitta a va ¢ nén
cb—a)(b—c) <0

Suy ra
b%c + a < abe + bc?

Do do6

2b+(a+c)+(a+c))3:4

1
a2b+bzc+02a+abc§b(a+c)2§§( 3

Bét ding thic dugce chitng minh xong. Ding thitc xay ra khi va chi khia=b = c.
Cach 2. St dung bat déng thitc Cauchy Schwarz, ta c6

’ 2
(; m) B <§\/(4a+4b+c)(4a+b+4c) 'm>

= (Zy: (4a+ 4b + ¢)(4a + b+4c)) (%;(4“ +b+40)>

9(a+b+c)(a®+b% + 2 +8(ab + be + ca))
(4a +4b+ ¢)(4b + 4c+ a)(4c + 4a + b)

Ta can chitng minh
9(a+b+c)(a® +b* + ¢ +8(ab+ be+ ca)) < (4a + 4b + ¢)(4b + 4c + a)(4c + 4a + b)

Hay
72@3 —I—BZab(a—&— b) > 39abc

cyc cyc

Theo bat ddng thitc AM-GM thi

Z a® > 3abe, Z ab(a + b) > 6abe

cyc cyc

Do d6 ta c6 dpem.
Q00

4 Cho cdc s6 duong a,b,c, ching minh

1 n 1 n 1 < a+b+c 1 n 1 n 1
a?+bc b +ca cA+ab” ab+bct+ca\a+b b+c c+a

Loi gidi. Ta c6 bat ding thic can ching minh tuong duong véi

ab + be + ca a+b+c
<
Z a? + be _Z b+c
cyc cyc

Hay
Za(a2fb2762+ab+acfbc) >0
(b+ ¢)(a® + be) -

cyc

ala+2b+c)(a—0b)+ala+b+2c)(a—c)
Z (b+ c)(a® + be)

>0

cyc
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ala+2b+c) b(2a+b+c)
Z(a—b) <(b+c)(a2+bc) B (a+c)(b2+ca)) 20

cyc

Zz(a2 —b*)(a—b) >0

cyc

Véi

(a(b+ c)(b* + ) + 2a%(b* + ¢2) + 3a%be + a® (b + ¢) — b*c?) (a® + be)
(b(c + a)(c? + a®) + 2% (c + a?) + 2b%ca + b3 (c + a) — 2a®) (b + ca)
(c(a+ b)(a® + V%) + 2¢%(a® + b%) + 2¢%ab + ¢ (a + b) — a®b?)(c* + ab)

T
Y
z

Khong mét tinh tdng quét, gid sit a > b > ¢ > 0, khi d6 dé& thiy z,y > 0. Lai c6
y+ 2z > blc+a)(c® + a?)(b* + ca) — a*b*(c* + ab)
> a®b(b? + ca) — a*b*(? + ab) = a*be(a® — be) > 0

Chi ¢ rdng @ > b > ¢ > 0 nén (c? — a?)(c — a) > (a® — b%)(a — b). Tit day, ta c6 dpem. Déng thiic
x&y ra khi va chi khi a =b=choica=t>0,b=c— 0 va cac hoan vi.

Cach 2. Ta c6
1 a+b+c a+b+c
2N _
;(b—l—c)2 Zab—l—bc—l—ca b+c Zb—l—c(b—l—c ab+bc+ca>
72 bla —b) +cla—c) Z a—b b a
_CYC (b+ ¢)?(ab + bc + ca) ab+bc+ca \(b+¢)? (c+a)?

1 ab — ¢?
_ Z( )(a — b)?

" ab+be+ca poo (a+¢)?(b+c)?

Chi ¥ ring

1 1 1 1 1
P} Y N S _
Z(a—l—c)2 ;ﬁ—l—bc %;((a+c)2+(b+c)2 c2+ab>

cyc

72 ab(a — b)% + (c? — ab)?
(a+¢)2(b+ ¢)%(c? + ab)

Do d6 bat dang thitc tuong du0ng
b b— 2 2 _ b2
0<Z 2a __ab—c +Z 2(0 aQ) i
a—l—c b+c) c2+ab  ab+bc+ca o (a+c)2(b+ ¢)?(c® + ab)

_ (e + a®b + b*a)(a — b)? (c — ab)
B %C: (ab+ bc+ ca)(a+ ¢)?(b+ ¢)?(c® + ab) + ; (a+¢)2(b+ c)2(2 + ab)

Bét ding thic nay hién nhien ding. Vay ta c6 dpcm.
Nhan xét. Tit bat déng thic nay, ta co

1 N 1 N 13, (a+b+c)?
a?+4+bec b2+ca A+ab~ 2 (ab+ bc+ ca)?

VAV

5 Chitng minh ring vdi moi s6 duong a,b, c ta luon cé

a® b3 c? >a+b+c

azfab+262+2627bc+202+20270a+2a2_ 3
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Loi gidi. Ta c6 bat ding thic can ching minh tuong duong véi

Zsc(a - b)2 > 0

cyc

trong doé
2c—b 2a — ¢ 2b—a

Sa:Q Sb:QCQ—ca—|—2a27 5022a2—ab—|—2b2

b2 — be + 22’
Xét 2 truong hgp
Trudng hgp 1. a > b > ¢ > 0, khi d6, dé thay S, > 0. Ta sé chiing minh

Sy +25.>0 (1)

a®Sy + 2b*S, >0 (2)
That vay, ta c6

(1) & 6a%b + 4ab® — 3abe + 8bc® — 4ac® — 26%¢ >0 (ding doa > b > ¢)

a%(2a —c) 20%(2¢ — b)
2) & =
(2) f(a) 2c¢2 —ca+2a2  2b2 —bc+2c2
Lai c6
3442 2 _ 4.3
fla) = a(4a’® — 4a*c + 13ac* — 4¢?) >0

(2¢% — ca + 2a2)? -

Do d6, f(a) 13 ham dong bién. Suy ra,

3b%c
>fb)=————
fla) = f(b) 202 — be +2¢2 —
Cac bat déng thite (1) va (2) duge chiing minh.
Tit cAc bat ding thitc niy vA v6i chi ¥ ring a > b > ¢ > 0 nén (a—c)? > max {‘gj-(b —¢)?, (a— b)2},
ta co

23 " Se(a—1b)* = (Sp(c— a)® +2Sa(b — ¢)?) + (Sp(c — a)® + 25.(a — b)?)

cyc
(b—c)?

ZbQ

(a%Sy + 20%S,) + (a — b)?(Sy +25.) > 0

Trudng hop 2. ¢ > b > a > 0, dé thiy S, S, > 0. Néu 2a > c thi bat ding thtic can chiing minh
hién nhién dang. Xét trudng hop ngudce lai ¢ > 2a, tic 1a S, < 0. Xét 2 trudng hop nhéd

Trudng hop 2.1. 2b > ¢+ a, ta ¢

Sy(c—a)* + S.(a—b)*>0 (3)
_(a—=Db)?*(@2b—a)  (c—a)*(2a—c)
& m(b) = 2a? — ab + 2b? 2¢2 — ca + 2a? 20
_ 3 2y 7,3
! (b) = (b—a)(4b> + 9a°b — Ta”) >0

(2a2 — ab + 2b2)? -

Do d6, m(b) 1a ham dong bién. Suy ra,

a+c a(a — ¢)?(16a% — 2ac + ¢?)
b) > =
m(b) >m ( 2 ) 2(4a? 4+ ac+ ¢?)(2a% — ac + 2¢?) ~
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Vay (3) ding. Do do,
> Se(a—1b)* = Sy(c —a)* + Se(a—b)> >0
cyc
Trudng hgp 2.2. ¢+ a > 2b.
Trudng hop 2.2.1. 2b — a > 4a, ta sé chiing minh

S.+35,>0 (4)
3
Sa+ 55 >0 (5)
That vay
2b—a 3(2a—¢)
4 c) = >
(4) < g(e) 2a® —ab+ 20> 2¢% — ca + 2a? =0
Ta c6 ( 1a)
6c(c — 4a
g9'(c) =

(2¢2 — ca + 2a%)? —
Do dé, g(c) 1a ham dong bién. Suy ra,

4% — 4ab® — a®b + 1343
> g(2b — = >
9(0) 2920 =) = s ) (Ba? — T0ab 1 857 = ©

4c—2b 6a — 3¢
5) < h(a) = >0
(5) (a) 2b% — be + 2¢? + 2¢2 —ca+2a® ~
2 42
3(3¢? + 4ea — 4a?) >0
(2¢2 — ca + 2a2)%2 —

K (a) =

Do d6, h(a) la ham dong bién. Suy ra,
+4, Néu ¢ > 2b thi

h(a) > h(0) = 2(06(2_622?(560:23:2)) =0

++, Néu 2b > ¢ thi

(2b — ¢)(4b® 4 13bc — 2¢?) -0
(2b% — be + 2¢2)(8b2 — 10bc + 5¢2) —

h(a) > h(2b—¢) =

Té6m lai, ta ludn ¢6 h(a) > 0.

Tit (4) va (5) véi chd ¥ réng (c — a)? < 3(b—a)? + 2(b—¢)?, ta ¢6

> Se(a—b)* > (Se+3S)(a—b)* + (Sa + §Sb> (b—c)?>0

cyc
Trudng hop 2.2.2. 20— a < 4a & a > 2b, ta ¢6

Sa+Sp+5:.>0 (6)

84Sy + SpSe + 5.8, >0 (7)

(6) hién nhién diing vi theo (5), ta c6

1
Sa+5b+SC:Sa+<ng+Sc>f§SbZO
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Bay gio ta sé chitng minh (7), ta c6
(7) & k(c) = 4(ab® + bc® + ca®) + Tabe(a 4+ b+ ¢) — 2(a®b + b3c + c*a)
— 6(a®V? + b2 + ?a?) > 0

K'(c) = 12bc* + 4a® + 14abe + Tab(a + b) — 2b® — 6ac® — 12¢(a® + b?)
K’ (c) = 24bc — 12ac 4 14ab — 12a* — 12b*
> 24b% — 12ab + 14ab — 12a* — 12b* = 12b* 4 2ab — 124> > 0

Do d6, k’(c) 1a ham dong bién. Suy ra,

K'(c) > K (b) = 4a® — 5ab + 15ab* — 2b> > 0 (do a > %b)
Suy ra, k(c) 1a ham dong bién. Do do,

k(c) > k(b) = b(2a® — 5a®b + 16ab® — 4b*) > 0 (do a > %b)

Tir day, ta c6 dpem. Déng thiic xay ra khi va chi khia=b=c.
Q00

6 Cho cdc s6 khong am a,b, ¢ théa a + b+ ¢ = 1. Ching minh bit ddng thitc

\/a+ (b;C)Q +\/b+ (C;a)Q +\/c+ (a;b)Q <V3+ (1_\?> (la =0+ [b—c| +|c—al)

Loi gidi. Khong mat tinh tdng quat, gidsta >b>c>0. Dit a+b=2t,a —b=2m, k = i thi do gia
thiét, ta c6 t > m >t — ¢ > 0. Khi d6, bat déng thiic can chitng minh tré thanh

fm)=vt+m+k(m+c—10)2+\/t —m+k(m+t—c)?+\c+ 4km?
—(2-VB)t+m—0) < V3

Ta c6
4k(2t —c) — 1 4k(2t —c) — 1 4k
f(m) = ( 2 32 T ( 2 5z T - 3/2
4(t+m+k(m+c—1t)?) 4(t—m+k(m+t—c)?) (c+ 4km?)
_ c B c -

2(a+i(b70)2)3/2 2(b+%(cfa)2)3/ (c+i(afb)2)3/2

Chi y rdng a > b > ¢ > 0 nén

1 9 2 3
a—l—z(b—c) —c——(a—b) —Z(a—c)(b—i—l)ZO
1 23

1 2
b—l—z(c—a) —c——(a—0b) 4(b—c)(a—l—l)ZO

Suy ra
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Do doé,

f(m) > — c - ¢ n ¢ —0

2(c+ (- b)2)3/2 2 (c+ 3(a— b)2)3/2 (c+ X(a— b)Q)B/2

Suy ra, f(m) la ham 16i. Do dé,

f(m) <max {f(0), f(t —c)}

Nhu vay, ta chi can chiing minh
max {f(0), f(t —¢)} < V3

Diéu nay c6 nghia la ta chi can chting minh bat ding thic da cho trong trudng hgp 3 s6 a, b, ¢ c6
2 s6 bing nhau, khong mét tinh téng quat, gia sit b = c. Ta can chiing minh

Va+24/b+ (a;b)g <V3+ (2= V3)la—y

\/(3a21> +201—a) < V3+ (1—‘?) 3a— 1| —va

Dit t = v/3a thi ta c6 t < v/3, ta cdn ching minh

V3t - 142 + 2T <6 — 2t + (2\/372) 12— 1

Xét 2 truong hgp
Trudng hgp 1.t > 1, ta c6 bat déng thiic tuong duong

V3t S 1462 4 27 <6 — 2t + (2\/—2) (2 — 1)

20 -1) (= v3) ((6v3-9) 2+ (34 V3) 1 +18-11V3) <0

Bét ding thic nay hién nhién dang do v/3 >t > 1.
Trudng hgp 2. t < 1, bat ding thic trd thanh

V3t - 1482 + 27 <6 — 2t — (2\/—2) (2 — 1)

Hay
20— 1) ((6v3-9) ¢ + (2v3-3) 2+ (2v3-9) 1+ 6V3 - 3) <0
Bat déng thiic nay cing dang do 1 > ¢ > 0. Bai toan dudc gidi quyét hoan toan. Péng thic xay ra
khi v chi khi a =b=c =1 hodic a =1,b = ¢ =0 va cac hoan vi.
Nhan xét. Ta c6 1 két qua "yéu" hon nhung kha "dep" 1a

\/a+%+\/b+@+\/c+(a;b)2 <2

v6i moi a,b,c > 0,a+b+c=1.
Q00

7 Cho cdc s6 duong a,b,c théa a + b+ c = 3, ching minh bit ding thic

a32p + b3/%¢c + 32%a <3
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Loi gidi. St dung bat ding thic Cauchy Schwarz, ta c6

a®?b 4+ b%2¢ + 320 < \/(ab + be + ca)(a2b + b2c + c2a)
Nhu vay, ta chi can chiing minh
(ab + be + ca)(a®b + b*c + c*a) < 9

Hay
(ab+ be + ca)(a+ b+ ¢)(a®b + bPc + c*a) < 27

(ab + bc + ca) <Z a’b+ Z a’b? + 3abc> <27

cyc cyc

Chi ¥ rang 1 D eye(@? = ¢ = 2ab + be 4 ca)® > 0 nén

2
cyc cyc

ZaSbg

W

Ta can chitng minh

2
(ab+ be + ca) (Z a2> +3 Z a®b?® + 9abe | < 81

cyc cyc

Dit = ab + bc + ca thi theo bat ding thiic AM-GM va Schur, ta ¢6 = < 3,3abc > 4z — 9, bét
déng thiic trd thanh
x((9 — 22)% + 32% — 9abc) < 81

Nhu vay, ta chi can chitng minh
z((9 — 2x)% + 322 — 3(4x — 9)) < 81

Hay
(x—3)(7T2? — 27 +27) <0

Bét ding thic nay hién nhién ding do 3 > z > 0. Bit ding thic dugc ching minh xong. Ding
thic xay ra khi va chi khia =b=c=1.
(VA

8 Chitng minh ring vdi moi sé thae a,b, c, ta cé

ab . be n ca
4a% +b% +4c%  4b%2 + 2 +4a?  4c? 4 a? +4b?

1
< =
-3

Loi gidi. D& thiy trong 3 s6 a, b, c ludn ton tai it nhat 2 sé cing dau, gid st be > 0, néu ab < 0,ac <0
thi

Z ab < be < 1 < 1
Cyc4a2+b2+4c2_4b2+02+4a2_4 3
Nhu vay, ta chi can xét trudng hgp cac s6 a, b, ¢ cing dau, va do do, ta chi can xét a,b,c > 0 1a du.
Khong mét tinh tdng quat, ta cé thé gid sit a® + b2 + ¢ = 3 va b 14 s6 hang nim gitta a va ¢, bat
déng thic tré thanh

4Zab+42ab3+achab2+a2b202 < 16+4Za2b2

cyc cyc cyc cyc
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Vi b l& s6 hang nam gitta a v& ¢ nén
alb—a)(b—c) <0

Suy ra
ab® + a’c < abe + a2b

Do do
Zab2 <b(a®+c) 4 abc=2— (b—1)%(b+2) + abc < 2 + abe

cyc

Sit dung két qua bai toan trude, ta c6

Nhu vay, ta chi can chitng minh

42 ab + abe(2 + abe) + a?b** < 4+ 42 a’v?

cyc cyc
Mit khac, sit dung bat ding thic AM-GM, ta c6

2abc < a?b?c? + 1
Do d6, ta phai chiitng minh

P(a,b,c) =4) a’»® =43 ab—3a°b*c® +3 >0

cyc cyc

Vi day 1a mot bat déng thiic dbi xiing véi a, b, ¢ nén khong mat tinh tdng quét, gia st a = max{a, b, c}
suy raa > 1,02 +c2 <2, ta co

b2 +c2 b2+
P(a,b,c)—P(a,\/Q,\/ 5 )
(3a2 —4)(b+c)2>

4a
=0b-c?|2+ +
(b= ( V202 + ) +b+e 4

Ta c6
b2 + 2

2 _ )2 2
(3a 44)(b+c) 227(1)—20) 59

22 (b2 12
P(a,b,c)ZP(a,\/ ;C ,\/ ;C )

Nhu vay, ta chi can ching minh

2+ >0

Do do6

P(a,t, t) >0
VéiaZtZO,CLQ-i-QtQ =3.
Hay
(a® + 2t%)3 + 1263 (a® + 2t%)(2a° + 1?) > 27a*t* + 4t(2a + t)(a® + 2t*)?
Hay

(a—t)%(a®(a — 3t)* + 4a*t* + 16t*) > 0
Bat ding thic nay hién nhien ding. Vay ta c6 dpem. Ding thitc xay ra khi vi chi khi a = b = c.

VAV



28 CHUONG 2. SOLUTION

9 Cho cdc s6 khong am a,b,c théa a + b+ c = 3, chimg minh

a? + b2 b2 + 2 c2 + a2 3
ar)o+D) NorDe+rD VNierDarD = A

L&i gidi. Binh phuong 2 vé roi nhan 2 vé v6i (a + 1)(b+ 1)(c+ 1), ta duge bat ding thitc tuong duong

\Y]

(a+1)(b+1)(c+1)

| ©

Y@ +)1+0)+2> V(@ + )P+ A)a+1)b+1) >

cyc cyc

Theo bat ddng thitc Cauchy Schwarz thi

S V(@ + @@+ E)a+ Db+1) 2> (2 +ab) (1 n m)

cyc cyc

Ta can chitng minh

> (@ +8)(1+c)+2) (¢*+ab) (1 + \/cE) > g(a-i- Db+ 1)(c+1)

cyc cyc

Hay

83 a®+> ab+4) Vab(c* + ab) > 36 + 15abe

cyc cyc cyc

St dung bat dang thitc AM-GM v& Schur, ta cé

42 \/%(02 + ab) — 15abc > 9abc > 12 Zab - 27

cyc cyc

Nhu vay, ta chi can chiing minh

8Za2+2ab+122ab—27236

cyc cyc cyc

Hay
ab+bc+ca<3
BAt ding thiic nay ding theo bat ding thiic AM-GM. Vay ta cé dpcm. Dang thiic xay ra khi va
chikhia=b=c=1.
(V)

10 Vgi moia>b>c>0, dat
a b c

b+c+c+a+a+b
Q_Q(b+c)—a 2(c+a)—b 2(a+b)—c
T da+b+c 4b+c+a 4de+a+b

P =

Chitng minh ring
1. Néua+c>2bthi P> Q.
2. Néua-+c<2bthiP<Q.

Loi gidi. Khong mét tinh tdng quat, gid st a+b+c = 1.
(1) Bat ding thitc can ching minh tuong duong véi

3a—1
2 Garna=a 2"

cyc
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Hay

E:z(a—b)2 >0

cyc
véiz=(1-9a?)(1—a),y=(1—96*)(1 —b),z=(1—-92)(1 —c).
Chi y rdng a > b > ¢,a + ¢ > 2b nén

1
bgg, y,z >0, a—c>2(b-c) >0, a—b>b—c>0
Do dé6, ta chi can chitng minh
z4+4y+22>0
Hay
F(a,b,c) = 9(a® + ¢*) — 9(a® + ¢*) + 366> — 360 —3b+5 > 0
Ta c6

(1— 3b)(11 + 30b — 45b% + 9(a — c)?)
4
(2) Bing bién ddi tuong ty, ta c6 bat ding thic tuong ducng

> Si(a—b)? >0

cyc

F(a7 b7 C) =

>0

véi S, = (9(12 —1)(1—-a),S = (9b2 —1)(1-1),S. = (902 —1)(1-2¢).
Doa>b>c¢2b>a+cnén

>b> -, Sa,Sp >0, a—c>2(a-0b)>0, b—c>a—-b>0

N =
W —

Nhu vay, ta chi can chiing minh
Sa+ 4S8y + 5. >0
Hay
G(a,b,c) = —9(a® + ¢*) + 9(a® + ¢*) — 36b° + 366> +3b— 5> 0
Ta c6
(3b — 1)(11 + 30b — 450> 4+ 9(a — ¢)?)
4

G(a,b,c) = >0

Bai toan dugc giadi quyét hoan toan.

Déng thiic & ca 2 bat ding thiic xdy ra khi va chi khi 2b = a + c.
(V)
11 Cho cdc sé khong am a,b,c théa a +b+c =1, dat x = a® + b*> + 2, ching minh bt ding thic
Vi+2a2 —z+V14+202 —24+ /1422 —2>11 -9z
Loi gidi. Binh phuong 2 vé rdi thu gon, ta c6 thé viét lai bat ding thitc nhu sau

Z\/(1+a2—bz—cz)(l—i—bQ—cz—az)ZSZab

cyc cyc

Stt dung bat déng thic GM-HM, ta c6

(1+a? = -1 +b%—c?—a?)
1—¢2

\/(1+a27b2702)(1+627027(12)2



30 CHUONG 2. SOLUTION

Ta can chitng minh

2_p2_ 2 2_ 2 2
Z(l—i—a b* —cA)(1+b*—c a)ZSZab

1—c2
cyc cyc

c(a — b)?
QZ 1+c¢

BAt ding thitc nay hién nhién ding, vay ta cé dpcm. Déng thiic x4y ra khi va chikhia =b=c = %
hoac a = 1,b = ¢ = 0 va cac hoan vi.

QOO

12 Chitng minh rang véi moi a,b,c > 0, ta cé
1 n 1 n 1 S 3
ala+b)  bb+ec) clc+a) = 2(abe)?/3

Loi gida. Khéng mét tinh téng quat, ta c6 thé gid sit abc = 1. Khi d6, ton tai cac sb duong =, v, z sao
choa=T,b=2c= 4, bat déng thic trd thanh

y? 3

cyc

St dung bat déng thitc Cauchy Schwarz, ta c6

Z y2 o (:C2 +y2 +Z2)2
2 + Yz - l‘2y2 + y222 + 2202 + IZJBy + y3z + 237

cyc

Mzt khéac, ta lai c6

) . . 1
(2% + % +2°) =3’y + 4’z + 2) = 5 D (a® — 2~ 2wy b yz +20)? 20

cyc
1
(CEZ +y2 + 22)2 _ 3(562y2 +y222 + 2‘2562) _ 5 Z('TQ _ y2)2 >0
cyc
Neén tir day, ta dé& dang suy ra dpcm. Dang thitc x4y ra khi va chi khi a = b = c.
Q00
13 Chitng minh rang néu a,b,c > 0 th

1 1 1 3
+ + >
ava+b b/b+c cvet+a T /2abe

Loi gidi. Tuong tu bai trén, ta cling dua bai todn vé chitng minh ring véi moi x,y, z > 0 thi

3
Do %2 27
oyo x +yz
Stt dung bat déng thitc Cauchy Schwarz, ta c6
VT > (z+y+2)*
Vay(@? +yz) + Vyz(y2 + 2z) + /22(22 + 2y)

N (z+y+2)?
~ V(wy+yz+za) (a2 + y? + 22+ ay +yz + 2x)
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Mat khac, theo bat ding thic AM-GM thi
8(zy +yz + za) (2 + y* + 22 + 2y +yz + 21)

16
< (22 4y 4 22 4 3(wy +yz + 21))? < §(x+y+z)2

Tir day, ta c6 dpem. Ding thic xdy ra khi va chi khia=b=c.

QOO

14 Cho cdc sb duong x,y, z théa 2% + 3% + 22 > 3, chiing minh ring
5_ .2 5,2 5.2
° —x - 2 —z
5 22 5y 2y st 53220
x>+ Yy +z Yy’ +z°+x 22+ xc+y

Loi gidi. Bat ding thiic da cho duge viét lai nhu sau

1 3
<
Z$5+y2+2’2_$2+y2+22

cyc
Tt day, ta suy ra dugdce chi can xét truong hop x2 + y? + 22 = 3 14 di, khi d6, bat didng thic tuong

duong
1
Zz5—x2+3§1

cyc

St dung bat ding thic AM-GM, ta c6

(=2}

5 X 22,0
T = >
— 2?2411

z
Dit a = 22,b=y?,c = 22 thi ta c6 a + b+ ¢ = 3 va ta can chitng minh

1
Z 2a3 Sl
oye ax1 —a+3

ZG—H§1
p 2a3 —a? +2a+3

Z (a—1)2(—2a + 3a + 3) >0
2a3 — a? +2a + 3 -
cyc

Khoéng mét tinh téng quat, gia sit a > b > ¢, suy ra a > 1 > ¢. Xét 2 trudng hop
Trudng hop 1. b+ c > 1, suy ra a < 2, khi do, ta co

242 +3a+3>0, —2b2 +3b+3>0, 22 4+3¢c+3>0

Nen két qui bai toan 1a hién nhien.

Truong hop 2. b+c < 1,suy raa > 2, tacod
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Suy ra WM < 1. Nhu vay, ta chi can ching minh
b+1 c+1 4
+ <=
203 — 02 +2b+3 263 —c2+2c+3 75

Diéu nay ludén dang vi v6i moi 1 > z > 0, ta c6
z+1
223 — 22 +2x+ 3

2
< —
-5
That vay, bat ding thic tuong duong

4a® > (x +1)(2z — 1)
Néu z < % thi ta c6 ngay dpcm, néu o > % thi
4o — (x+1)(2z — 1) > 423 — 2(22 — 1) = 2(22° — 22 + 1)
>2z* 20 +1)=2@x—-12%*>0

Bat ding thitc duge chitng minh xong. Dang thitc x4y ra khi vd chi khi 2 =y = 2 = 1.

VAV

15 Chon > 3 vi ay,ay,...,a, la cic s6 khong am théa a? + a3 + --- + a2 = 1, chimg minh bat ding
thic 1
— (a1 +az+ - +an) > ara2 + azaz + -+ + anay

V3

Loi gidi. Dat fn(ag,az2,...,a,) = %(al +as+ - +ay) — (a1az + azaz + - - - + aya;). Khong mét tinh

2 . o o PY 1 N
tong quat, gia stt a; = max{aq,as,...,a,}. Néu a, < 7 thi

fnlar,az, ... a,) — fa1 (ahaz, <o, Qp—2, \/ai_l + a%)

1

= <an_1 +a, —1/a2_; + a%) + (an—2 +ai)y/a2_; + a2 — ap—1(an—2 + an) — anay
1 / 2 2

> —37an n-1+ap —/a;_,+az | >0

fn(al7a27' -~7an) > fn—l <alaa27"'7an—27 \/ a%71 +a%)

£ 1 N Z 1
Neuanzﬁthltacoalz 73

fﬂ(al’ as,..., an) - fnfl (alv ag,...,ap—3, \/ a12172 + ai717 a‘n)
_ 1 2 2 2 2
= % Ap—2 +Ap—1 — /0y _o+ap_1 | +an_3 Qpy_og+ Qp_1 — Qp—2
1
+an, (\/ai_Q +aZ_; — an_1> — n—20n-1 > Gn_2 (ﬁ - an—l) >0

/42 2
fn(a17a27 oo 7an) Z fn—l <a17a27 vy An—3, an72 + an717a’n>

Tt day, ta suy ra dugc ta chi can ching minh bat diing thitc trong trudng hgp n = 3 1a di nhung
trong trudng hop nay, bat ddng thitc 14 hién nhién nén ta c¢é dpem. DAng thiic x4y ra khi vi chi
khin:3vaa1:a2:a3:%,

suy ra anp—1 < %, do do6

Suy ra

3
VAV
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16 Cho cdc sé duong a,b,c, ching minh bat ding thic
a b ¢ ab + be + ca
S Y e ke 1
\/b c+a+\/a2+62+ 2 >3+
Loi gidi. Trude hét, ta chitng minh két qué sau véi moi a,b, ¢ > 0

b
(a+b+c)? <%+;+g) >9(a® +b* +¢?)

That vay, bat ding thic tuong duong

> Se(a—b)?

cyc

trong do
b a 2a 5 c b 20 5 a ¢ 2 5
Se= gty STgtetgog Se—ptotyog
Khéng mét tinh tdng quat, gia sua—max{abc} Néu ¢ > b thi ta cob—l—ﬁ—l—gz%—l— —|—7nen
> 0. Ta sé chiing

khong mét tinh tong quat, ta chi can xét a > b > ¢ > 0 1a dd, khi dé, dé thay S,

minh

Se+25, >0, Se+ 2S5, >0, Sp+S.>0

That vay, ta c6

a 15 15
— — - 7_7> -
Sa + 28, = 2 (b ) 5 4+4+3 5 >0
c a 3c 15 15
25, =2 - -+ — —f—>4 4— —
Sc + 25 ( b) (b+ ) 5 = + 2>0

2b b 2 b b 2
Gyt Se=(r+ =)+ (et =)+ (5 +— 7529+2\/i+f+2f5
b a 2¢ b 2¢ a b a a

Jr
a 2b a b b 3
= =4+ = - Z Zl-3>94 2 _
<2b+a)+<2b+ a+\/;) 3> +\S/§ 3>0
T day, ta co

+, Néu Sp < 0 thi
> Se(a—b)? > (Sa +255)(b— ¢)® + (Se + 28) (a — b)*

cyc

-+, Néu Sb > 0 thi
> Se(a—b) > (Se+ Sp)(a—b)* >0

cyc

Bat d&ng thic trén duge ching minh, sit dung bat ding thitc nay, ta suy ra duge, ta chi can ching
a? + b2 + ¢2 [ab + bc + ca
> 1
(a+b+c)? + a? 4+ b2 + ¢? V3t
bit x = ,/% < 1, ta can chitng minh
+z>V3+1

202 + 1

minh

Dé& dang kiém tra dudc bat ding thiic nay dang véi moi 1 > x > 0, vy ta c6 dpem. Déng thitc xay

ra khi v chi khia=b=c.
(VAVIV,
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17 Chitng minh rang véi moi a,b,c > 0, ta cé

a? b2 2 8(ab+bcH+ ca)
I e A b
b2+ +a2+ a?+b+c2 ~
Loi gidi. Trude hét, ta sé chiing minh két qua sau v6i moi x, 5y, 2z > 0 thoa xyz = 1
3 1 1 1
P4y +22+6> 5 <x+y+z+7+7+7>
2 r Yy =z
That vay, khong mat tinh tdng quét, gid st x = min{z,y, z}. Dit t = /yz va
3 1 1 1
P(z,y,z)=a"+y" +2°+6— = (m+y+z+7+7+7>
2 r Yy =z
Ta co

P(z,y,2) — Pla,tt) = %(\/y_\/;)2<2(\/§+\/g)2_3_%)
%(\f Vz) (8-3-3)>0

Lai c6

>0

1 (t—12((2 -2t —1)2 +12+1)
P(z,t,t) =P (ﬁ’t’t> — o

Bat ding thitc dugc chitng minh. Tré lai bai toan clia ta, sit dung bat déng thitc trén véi x = Ly =

b 2z =<, tasuy ra dugc ta chi cAn ching minh
(& a

2 32
§Za +b +8(ab+bc+ca) > 17

2 ab a?4+b2+c2 ~
cyc
Hay
> Sela—1b)* >
cyc
trong do
-3__8& g _3_ 8 g 3 8
T be a4+ b2+ 2 YT e 2124 ST ab a?+b2+2

Khoéng mét tinh téng quat, gia sit a > b > ¢, khi d6, dé thay S, > S, > S,, lai ¢6

3(b+ ¢) 16 6 16 6 16
Sy + S, = — > - > — >0
b abc a?+b2+c2 7 avbe a?+2bc T avbe  2av2bc

Tir day, ta dé dang suy ra dpem. Déng thiic xdy ra khi va chi khia=b=c.

2
Nhan xét. Chii § ring (225844 ) 41> 292555 ta suy ra

2 2 2 2
a b c ab+ be + ca
SR Y iy I
b2+c2+a2+ (a2+b2+02) -

Két qua nay dugc tim ra bsi ban Nguyén Anh Cudng va da duge dua lén http://mathnfriend.org/

(VA

18 Chitng minh rdng véi moi s6 duong ai,as, . ..,an,b1,ba,... by, ta cé

(32 (3] = (3oe) (525
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Léi gidi. Dat f,(ay,as,...,a,) = VT — VP. Ta sé chiing minh bat déng thitc da cho bing quy nap.
V6i n := 1 thi bat ddng thitc 14 hién nhien, gia sit bat ding thitc ding véi n := n, khi d6, sit dung
gia thiét quy nap, ta c6

fn+1(a17 az,..., anJrl) > fn+1(a17 ag, ..., anJrl) - fn(ala ag,..., an)
_ 1 "~ (an+1b — bny103)2(an410; 4 boy1a; + ani1b;) >0
Unt1 + bny1 £ a; +b; -

Vay bat ding thitc da cho ciing ding khi n := n + 1 nén theo nguyén 1y quy nap, né ding véi moi
n.

(VA

19 Ching minh ring vdi cdc s6 thue a,b,c doi mot khic nhau, ta cé

1 1 1 27
P4+ 0* 4+ —ab—be— > =
(@ b+ —ab—be—ca) | g T oo or T a2 ) 2 1

Léi gidi. Khong mat tinh téng quat, gid st a = min{a,b,c}, dit b = a + x,¢ = a + y thi ta c6
z,y > 0,2 #y (do a, b, c phan biét nhau) va bat ding thic trd thanh

(1-2_33 + 2) i_'_i_'_# >£
YTV @ T T w—y2?) T

Lai dat ¢t = % + % —1, dé thay ¢ > 1, bat déng thic duge viét lai nhu sau

4¢3
t—1

> 27
Hay
(2t —3)%(t+3) >0

Bét diing thic nay hién nhien diang, vay ta c6 dpem.

VAV

20 Cho cdc s6 khong am a,b,c,d théa a® + b* + 2 + d? = 4, ching minh bat ding thic

1 n 1 n 1 n 1 <9
3—abc 3—bed 3—cda 3—dab —

Lgi gidi. Dé dang ching minh duge v6i moi % >x >0, taco

2 <5x2—3x—|—12
3—x 14

St dung bat ding thiic nay véi chi ¥ 1a max{abc, bed, cda, dab} < %, ta suy ra dugc ta chi can

chiing minh

5(a?b*c® 4+ b2 Pd? + d%a® + d?a®b?) — 3(abe + bed + cda + dab) < 8

C6 nhiéu cach ching minh cho bt diing thic nay, xin duge gidi thiéu véi cac ban cach ching

.. 2,2 3, 2 >
minh sau dua vao k§ thuat ham 16i. Dat 2 = ¢ ‘{b k2 = < ;d va x = ab,y = cd thi ta cé
t2>2>0,k% >y > 0, bit déng thic dude viét lai nhu sau

fx) = 102%k% + 10y%t? — 32+/2y + 2k2 — 3y\/2x +2t2 -8 <0
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Ta c6

3y
Y >
(22 4 212)3/2 =

() = 20k% +
Suy ra f(z) 1a ham 15i, do dé
(@) < max{f(t*), f(0)}

Ta c6
8 8
70) = (ytv2+1) (592 - 8) (do ytv2 < 35 <35
f(#?) = 10y°t% — 6yt + 10k*t* — 3t\/2y + 2k2 — 8 = g(y)

Tuong tu nhu trén, ta cling ¢6 g(y) 1a ham 16i nén

g(y) < max{g(k?),g(0)}

Ta cling c6
9(0) = (ktv2+1) (5ktv/2 — 8) (do ktv2 < % < g)

2 2
G(2) = A(kt — 1)(5kt +1) < 0 (do ht < * T

1)
Bat ding thitc duge chitng minh xong. Dang thitc x4y ra khi vd chi khi a =b=c=d = 1.

MV

21 Cho cic s6 duong a,b,c, ching minh bat ddng thic

a b ¢ a? + b2+ ¢?
S>3 ——
b ¢ a ab + be + ca
Loi gidi. Nhan xét ring ta chi can chiing minh bat déng thiic da cho trong trudng hop a > b > ¢ 1a du,
khi dé, ta co % +e4¢+7>0+ % + £. Mat khac, st dung két qua bai toan 17, ta co

a? 3 a?® + b?
D Et6z3d —

cyc cyc

Suy ra

2
2 b b _ 3 >+ 0 b 5 >+ 0
(Z3) “The i i e R i

cyc cyc cyc cyc cyc cyc cyc

Ta can chitng minh

2 2 2 2 2
2 ab ab + be + ca

cyc

5 9
- >
Z(a ) (ab ab+bc+ca) 20

cyc
Hay

5c b
> (a—b) <7+7_4) >0
po a b

Khéng mét tinh téng quat, gia sit a > b > ¢ > 0, khi dé, ta c6

57a+57a_425ib+57b_42@+@_4
b c c a a b
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Lai c6
b 2 /2
i+ib_4 + @4_@_4 EM—822>0
a a b be
Bét ding thiic dugce ching minh xong. Ding thitc xay ra khi va chi khia=0b = c.

MV

22 Cho cdc sb khong am a,b,c, ching minh bét ddng thic

3(a2+b2+c?)  a’b+bic+cta
a+b+e ad + b +c3

Loi gidi. St dung két qua bai toan 16, ta c6

_|_

Q| o

a ¢ _ 9a®+b+c?)
o> -
¢c b7 (a+b+¢)?
Suy ra

24 324 2
bt et Pa> 9abc(a® + b* + ¢?)

(a+b+c)?
Ta can chitng minh
3(a? 4+ b2 + ¢?) 9abc(a® + b2 + )
a+b+e (a+b+c)2(a®+03+c3) —

Khong mét tinh téng quat, gia st a +b-+c =1, dit 2 = ab+ bc+ ca thi ta cé % > x > 0. Hon ntta,

theo bat déng thic Schur, ta suy abc > 22=1 do d6

a3+ b3+ 3abc+1—-3x =~ 2-—5x

9abe 9abc S 3(4x —1)

Nhu thé, ta phai chiing minh

3(4x — 1)(1 — 22) >3

1-2
74/ 3( x)+ g >

Ta c6

147(1 — 22) <8 34z —1)(1- 2x)>2 _ (3w —1)(227 — 550z — 642?)

2 —b5x (2 —5x)2
_ (32— 1)?(227-550-5 —64-5) _ 329(3x —1)* _ 0
= (2 —52)2 T 9(2-5z)2 ~

Bét ding thic dude chimg minh xong. Dang thitc x4y ra khi va chi khi a = b = c.

MV

23 Chatng minh ring vdi moi s6 duong a,b,c ta cé

a® b3 e

+ >1
a3 + abe + b3 + b +abc+c3  AB+abe+ad

Loi gidi. Dat x = g,y =%, z=¢thitacor,y,2>0,zyz=1va bét ding thic tré thanh

1
> rri2!
T +§+1

cyc
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Hay
1
—_>1
Zx3+x2z+1 -
cyc
Hay
RS B
22 4+ yz + 21
cyc

St dung bat ding thic Cauchy Schwarz, ta cé

Z Yz < (yz + 2z + zy)?
2+ yz+zax — yz(x? +yz+ zx) + 22 (y? + zz + xy) + vy(2? + 2y + yz)

cyc

Bét déng thiic duge chiing minh xong. Déng thiic xay ra khi va chi khi a = b = ¢ hodc ¢ —0, % —0
va cac hoan vi.
QOO
24 Cho cdc s6 duong a,b,c,d, ching minh rang

abc n abd L acd n bed
(d+a)(d+b)(d+c) (ct+a)c+b)(c+d) (b+a)b+c)b+d) (a+b)(a+c)la+d)

1
> -
-2

Loi gidi. Dat z =1 y=4,2=1¢t=1 thitacéz,y, 2t >0 va bat ding thiic tré thanh
3

T 1
) Iy T T

cyc

St dung bat ding thitc Cauchy Schwarz, ta suy ra dugc ta chi can chitng minh

2 (Zﬁ) > Zx(z +y)(z+ 2)(x + 1)

cyc cyc

Hay

2
2 (Zm2> > Zm4 + Z(m3y+y3z + 232) + (x 4+ y + 2 + t)(xyz + yat + zat + tay)

cyc cyc cyc

St dung két qua bai toan trude, ta c6 3(x3y + y3z + 237) < (2% + y? + 2%)2, ta can ching minh

2
1
2 <Zm2> > Zm4+ gZ(xQ + 92+ 23)2 + (w+y + 2 +t)(zyz + yzt + zat + toy)
cyc cyc cyc
Hay

4
3 Z(m2y2 + 9222 + 2% > (x +y + 2+ t)(zyz + yzt + zat + txy)

cyc

St dung bat ding thic AM-GM, ta c6

1
VT > Zmyz(m +y+2)+ 3 Z(:Jch2 + 9222 + 2% > nyz(x +y+2) + dayzt

cyc cyc cyc

=(x+y+z+1t)(zyz +yzt + zat + toy) = VP
Bét ding thic dudc chitng minh xong. Ding thitc xay ra khi va chi khi ¢ = b= ¢ =d.

VAV
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25 Chiing minh rdng véi moi a,b,c > 0, ta cé
abte 4 peta + cotd >1

Léi gidi. Néu 1 trong céc sb a,b, ¢ khong nhé hon 1 thi bat ddng thitc 1a hién nhien. Xét truong hgp
a,b,c <1, khi d6 ¢6 2 kha niang

Kha ning 1. Néu a+b+c < 1, suy ra max{a+b,b+c,c+a} < 1, st dung bat déng thitc Bernoulli,

ta co -
1 1 c 1 b b
(e lon) s (L) e ite_atote
abte a a a a
Suy ra
atte> 4
“a+b+e

St dung tuong tir véi b, ¢ 1di cong lai, ta c6 dpem.
Kha ning 2. Néu a + b+ ¢ > 1, lai st dung bat ding thitc Bernoulli, ta c6

i<a+c(1—a)’ i<a+b(1—a)
a¢ — a ab — a
Suy ra

b+c> CL2

~ (a+b(1—a))(a+c(l-a)

Stt dung tuong tu véi b, ¢, ta can chiing minh

a

2

a
>1
; (a+b(1—a))(a+c(l—a)) —
St dung bat ding thiic Cauchy Schwarz, ta cé
a? (a+b+c)?

Ciy; (a+b(1—a))a+cl—a)) - > eyela+0(1—a))(a+c(l—a))
Ta lai c6

(a+b+c)2—Z(a—l—b(l—a))(a—i—c(l—a)):(ab+bc+ca)(a+b+c—1)+abc(3—a—b—c) >0

cyc

BAt ding thic duge ching minh xong.

\ViVIV)
26 Chon >3,n €N wixy,T,...,%, la cdic s6 khong am c6 tong bing 1. Tim gid tri lon nhét cia bidu
thiie
P(x1,20,...,2n) = 2522 + 2322 + -+ 2222 + 2 Yg3ad . 23
Léi gidi. Khong mét tinh tdng quét, ta c6 thé gia st z; = max{ry,2s,...,7,}, ta s& ching minh

P(z1,29,...,2n) < P(x1,22 + -+ + 2,,0,...,0)
That vay, ta c6

P(zy,z9+ -+ + x,0,...,0) :m?(m2+~--+x,L)2

2 2
> 22 wows + Tiw3T + -+ ViTp_12,) + T3 + ThTD

3 3 3 3,2 3 2 3,2, 3.2
> (2izaxs + 232324 + - F T Tp_12y) + (T525 + -+ xp_q2h) + x5 + ) xT

3 3,2 3.2 3,2
> T1ToT3 + x\x5 + THw3 + - + X7
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Ta can chitng minh

3rors > 02 V33 o3

Néu n = 3, bat dang thic trd thanh zezs < §. St dung bat déng thic AM-GM, ta c6

2 2
T2+ X3 T+ x2 + T3 1
< < = —

Néu n > 3, bat ding thic trd thanh

1
2,23 3
Tox3Ty ... T <
243474 ”—nQ(nfl)

St dung bat ding thitc AM-GM, ta cé

x2+x3+...+xn>2(n_l)

2.2 3 3 . 2
rox3xy - Ty < (o3 Ty) S( p—]

c(Titrat -t e
— n T p2(n-1)

Bat ding thitc dudc chitng minh xong. Lai ¢6

3 : ° 108
xi’(x2+--~+gcn)2:108(ﬂ) (M) §108<x1+x2+ +I”>

3 2 5 ~ 3125
Suy ra P(z1,29,...,2n) < %. Mat khac, cho z; = %,mz = %,l‘g = .. =1z, =0, ta co6
P(z1,29,...,2n) = %. Vay
108
P e, X)) = ——.
max P(x1,xa,...,2,) 3195
(VIVIV]
27 Cho cdc s6 thic ay,as,...,a, théa ajas---a, = 1, tim cdc hing so tét nhat m, M sao cho
\/a%+n271+\/a§+n271+~--+\/a,21+n271§m(a1+a2+~--+an)+M
Loi gidi. Choa; =ay =---=a, =1, tasuy radusc mn+ M >n? Laichoa; =as = -+ = ap_1 =

% >0,a, =2" 1, ta co

/1 —1
Va2 4+n2—1+(n-1) —2+n2—1§m<x"_1+n )—i—M
X x
n?—1 1 n?—1 n—1 M
\/1+W+(”—1)\/ﬁ+ﬁﬁm<l+ pory >+xn_1

Cho © — o0, ta suy ra dugc m > 1, do d6

miai—&—M > miai—i—nz —mn=m (iai —n) +n? > iai—i—n(n— 1)
i=1 i=1

i=1 =1

Tir day, ta sé ching minh m = 1, M = n(n — 1) 14 cAc hing s6 can tim, ttc la

n n
Z\/af +n2-1< Zai—i—n(n— 1)
i=1 i=1

Ta sé ching minh véi moi x > 0 thi

—1
1< oy M=)

rz+n—1
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n+1 < n
r+vVri+n2—-1" z+n-—1

St dung bat ding thiic Cauchy Schwarz, ta cé

T+ $2+n2—1>$+$+n271 _ntletn-l)

n
St dung bat ding thitc nay 1an lugt cho ay,as,...,a, rdi cong lai, ta can chiing minh
n
1
PRER
c a; +n— 1
i=1
Dat a; = 27 > 0, ta c6 theo bat déng thitic AM-GM
— . n—1 n—1
n—1 1 a; 1 ! x; <1 i .7:{ !
a;+n—1 a;+n—1 1‘?7 —|—(7’L—1)$1-"ZBZ‘_1ZB¢+1"'I»R {E?7 +1‘7217 ++1327
Choi=1,2,...,n, r6i cong lai ta c6 dpcm. Vay m = 1, M = n(n — 1) 1a céc hiing s6 t6t nhat cta

bat ding thiic da cho.
VIV

28 Chatng minh ring vdi moi 86 duong a,b,c,d, ta cé

a n b n c + d <1 1+1+1+1
3a2 + 202 + 2 302 +2c2+d?  3c2+2d2+a?  3d2+2a2+02 " 6\a b ¢ d

Loi gidi. St dung bat ding thic AM-GM va bat ding thic Cauchy Schwarz, ta cé

18a _ 18a < 9 <2+1
3a2 +202 + ¢ 2(a2+b2)+a2+c2 " 2b+c b ¢

Tuong tu, ta co
1 18¢ 2 1 18d

18b
L __%C < f4Z 0 2z
3()2—0—202—|—d2_c+d7 302—0—2d2+a2_d+a’ 3d2—|—2a2—|—b2_a+

[\
[\
—

(=

Cong tuong tng cac bat déng thic trén vé theo vé, ta c6 dpcm. Ding thiic xay ra khi va chi khi
a=b=c=d.

VAV

29 Cho cdc sé duong x,vy, z, ching minh bat ddng thitc

x(y+z)+y(z+a§) z(x+y)<w+y+z 224yz P4z P4y
2+yz  yrP4zz  2raxy T Yryz T x(y+z2) ylz+x)  z(x+y)

Loi gidgi. 1. Tru6e hét, ta sé chiing minh

Z:r(erz) STty tz
ps 22 +yz T Yayz

Dat x = a®,b =93, 2 = 3 (a,b,c > 0), ta c6 bat ding thiic tuong duong

Zas(b3+c3) § B b
ab +b3cd — abe
cyc

St dung bat ding thitc 23 + ¢% > 2y(z + y) Yo,y > 0, ta c6

ac (b + 3 1 a?(b® + 2
 SCAURRINEE SV URTS

ab +b3c3 ~ abe a? + be
cyc cyc
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Ta can chitng minh

b3—|—c
a2 +be Za

cyc

20,3 _ 3 _ 3
Za(a +abc—b C)ZO
a? + be

cyc

Z a®(a —b)(a —c) n Z ab(a — b)%(a + b)(ac + bc — ab) >0

g a? + be g (a2 + be)(b? + ca) -

Khong mat tinh téng quat, gid sit ¢ = min{a, b, ¢}, ta cd

a*la—0b)a—c) (Ob—a)b—c) a*b?*(a—0b)%*(a+Db)
VT2 a? + be + b2 + ca ~ (a® 4 be)(b? + ca)

c(a —b)%(a + b)(a® + b — a®c — b?c)
= >0
(a? 4 be)(b? + ca) -

2. Ta con phai chitng minh
Z 22+ yz il ks

p x(y+z) —  Yryz

Néu ZHYELZT > sz st dung bat ddng thic Cauchy Schwarz v bat ding thic AM-GM,

T+y+z
ta c6
x? z T +y+ 2)? xy + yz + 2x)?
VT = Z +Z Y > ( Y ) + (zy +y )
~ 2(y + 2) x(y+2) ~ 2xy+yz+zz)  2zyz(z+y+2)
o ety t)eytyztz)  wtydtez
- TYz T Yryz
Néu yzyz > %jjﬁ“ stt dung bat déng thtic nay, ta cin chiing minh
CTRR ok LA
2y +2)
Hay
2,2, .2
yerayz Ty + yz + 2w
2+
Hay

)y (yz + 2y)(yz + zx)

>
SO > (ay ) + (s m) ¢ ()

cyc

Bét diing thic nay ding theo bat ding thiic AM-GM, vay ta c6 dpcm.

QOO

30 Vi moi 56 duong a,b,c théa a+b+c=3, ta cé

a n b . c >3
b24+c c2+a a?2+b 2



Loi gidi. Xét 2 truong hop
Trudng hgp 1. a > b > ¢, sit dung bat déng thitc Cauchy Schwarz, ta c6

Z a_ (a+b+c)? B 9
cyc b? +c chc ab? + chc ab chc ab? + chc ab

Ta can chitng minh

Zab2+Zab§6

cyc cyc
Hay
2> a®+3) a’b+3abc>6  ab’
cyc cyc cyc
Bat ding thiic nay ding do
St s Yats Y
cyc cyc cyc
Za3 + 3abc > Za2b+2ab2 > 22@1)2
cyc cyc cyc cyc

Trudng hgp 2. ¢ > b > a, bat ding thic duge viét lai nhu sau
22(14 + 22@21)3 + 2Za2b2 + 3abe > 3a’b>c? +3Zab3 + 3Za3b2
cyc cyc cyc cyc cyc

St dung két qua bai toan truée va bat ding thiic AM-GM, ta co

Za4+22a2b2232ab3, 1> abe

cyc cyc cyc

Ta con phai ching minh

Za4+22a2b3 > SZa?’b2

cyc cyc cyc
Hay
Za5 + Zab(a3 +b%) + 62a2b3 > 92:(13172
cyc cyc cyc cyc
Bat déng thitc nay dung do
S Y s Y
cyc cyc cyc
Z ab(a® + v®) > Z a’b*(a +b) = Za3b2 + ZaQb3 > 2Za3b2
cyc cyc cyc cyc cyc

Bat ding thitc duge chitng minh xong. Dang thitc x4y ra khi va chi khi a =b=c = 1.

VAV

31 Vi moi s6 khong am a,b,c théa a + b+ c = 3, ta cé

aV3+1+b/A+1+ce/ad3+1<5

Lyi gidi. Sit dung bat déng thic AM-GM, ta cé

davi+1=> a/b+ 1B -b+1) < %Za(b2+2) = %Zab2+3

cyc cyc cyc cyc

43



44 CHUONG 2. SOLUTION

Ta can chitng minh

Zab2§4

cye
Khén mét tinh téng quat, gid sit ¢ > b > a > 0, ta c6
alb—a)(b—c) <0
Suy ra
ab® + a%c < a®b+ abe < a?b + 2abe
Do do

26+ (a+c)+(a+c) 3_
3 ) =4

1
ZabQ§b02+a2b+2abc:b(a+c)2g 5(

cyc

Bat ding thiic dugc chiing minh xong. Ding thiic x4y ra khi va chi khi (a,b,c) = (0,1,2) va céc
hoan vi tuong tng.
Q00

32 Tim hing s6 k tot nhit sao cho bit ddng thite sau ding vdi moi a,b, ¢ > 0

kmax{(a —b)2, (b—c)?, (c —a)?}
(a+b+c)?

1 1 1
(a+b+e)(=+-+-)>9+

a b ¢
Loi gidi. Khong mét tinh tdng quat, gid st @ > b > ¢, ta can tim k sao cho
11 1 k(a — c)?
b L )y flazo
(a+ +C)(a+b+c)_ +(a+b+c)2

Cho b = 2£<, bat dang thic tré thanh

3(a—c)? < 4k(a — c)?

2ac T 9(a+ c)?
Hay
2
b < 27(a+c¢)
- 8ac

Cho a = ¢, ta suy ra dugc k < %, ta sé chiing minh day l& gia tri can tim, tic la

1 1 1 27(a — ¢)?
b o>
(a+ +c)<a+ ;T C) > +2(a+b+c)2

Dita=b+z,c=0b—ythitacéx>0,b>y>0, bat ding thic tuong duong véi
9(z —y)?0> 4 3(y — x) (2 + 162y + y*)b* + (4at + 1123y + 78x2y* + 11ay® + 4y )b+ 2xy(y —2)* > 0
Néu y > z thi ta c6 ngay dpcm, xét = > y, khi dé, ta co
224 + 2zy(y — )3 > 22ty + 22y(y — ) > 22ty — 22ty =0
Ta can chitng minh
f(b) =9(x — y)%b? + 3(y — x) (2 + 162y + y*)b+ 221 + 1123y + 7822y? + 11ay® + 4y* > 0
Nhung bét diing thic nay ding vi
Ay = —9(7a* + 1223y + 542y? + 1229° + 15y*) (z — y)* <0
Vay ta c6 dpem, tit d6 ta di dén két luan

27
kmax = 3

Q00
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33 Cho cdc s6 duong x,vy,z cé tich bing 1, ching minh rang vdi moi k > 0, ta cé
T oy |z 3
3 + 3 + 3 >
\/y—i—k \/z+k \/x+k T Vk+1
ct b*

Loi gidi. Do x,y,z > 0,7yz = 1 nén ton tai a,b,c > 0 sao cho z = ’g—:,y = &,z =24, bat déng thic
trd thanh

ad/3 3
>
Z 43t + ka*t ~ VE+1

cyc

St dung bat ding thic Holder, ta c6

a8/3 3 . . a2 4
(Zm> (Z“ *ha )> - (Zb>

cyc cyc cyc

Ta can chitng minh

DS

cyc cyc

a2
> 5 = V2t + 0t + )

cyc
Khong mét tinh téng quét, gid st a* +b* +¢* =3, suyraa < V3 < 2, do d6

> 4@ —ad®) = 4@®—ad®) = (' —1)=) (a—1)*(1+2a—0a’)>0

cyc cyc cyc cyc
Suy ra
a®+ b3+ 3
a?+ b2+~
Do d6, ta chi can ching minh
Z a? S 3(a® + 3+ ¢?)
by =
cyc

a? + b2 + 2

Hay

> Salb—c)?

cyc
trong doé

2 42 B2 4 2 2 2
Sa:a+ —b, Sy = te —c, SC:c+a —a
c a b

C6 2 trudng hgp xay ra
Trudng hgp 1. a > b > ¢, khi d6 d& thay S,, S. > 0, ta lai c6
a? b bb—c) b +2% a2 VP 2 p?

S, +28 = 4= 2+ + > b o> 4T 9> atb—20>0
c a c a c a b a

Ta sé chiing minh S, 4+ 25, > 0. That vay, néu a? > 2b%, ta c6

S —20%) @ 2
S 125, = @@ =27 27 g >0
ab b a

Néu 2b% > a? va a > 2¢, ta ¢b

B @ 22 o 2?2
So2g, =@zl o 20 W 2 sa—2ez0
b b a a a



46 CHUONG 2. SOLUTION

Néu 2b% > a? v 2¢ > a, ta cb

ala—b) & 22 22 ala—b) a®> a 202
428, =T O T gy BT T T
Se + 25 b +b+a+a c> b +4b+2+a c
(a —b)(ba — 4b) 3a b2 3a  a
= e e T 4 h—2e> 4= —>
dab ty gttty et

Trudng hop 2. ¢ > b > a, khi d6 dé thay S, S, > 0, ta co6

_ _ 232
b(b—a) + c(c a)+a +0b -

Sy + S, = 0

a c

Bét dfing thic dugce chitng minh xong. Déng thitc xay ra khi va chi khi =y = 2 = 1.

Nhan xét. Bat déng thiic v6i 4 s6 vAn con ding

o T e/ Y _yaf 2 Lo U o 4y ks 0,myst =1
\/y+k+\/z+k+\/t+k+ Py x,y,z2,t, k> 0,zyz

MV

34 Cho cic so duong a,b,c, ching minh bat dang thic

3
abc(a+b+c)

b2 4 2 +02+a2 +a2+b2
alb+c)  blc+a) cla+Dd)

> (a® + b + %)

Loi gidi. Bat ding thic tuong duong

Z b2 + 2 o (% + b2 + ¢?)y/3abc(a + b+ ¢)
alb+c¢) ~ abe(a + b+ ¢)

cyc

Sit dung bat déng thitc AM-GM, ta cé ab + bc + ca > +/3abc(a + b+ c), ta can chiing minh

b2 2
abe(a+ b+ ¢) Z ﬁ > (ab + be + ca)(a® + b + c2)

cyc

1 (b —c)?
—ab >0
2¢ CZ b+c —
cyc
Bat ding thitc duge chitng minh. Dang thitc x4y ra khi va chi khi a = b = c.

Q00

35 Cho cdc sé duong a,b, ¢, ching minh bat ddng thic

15(a® + b* + ¢?)

a2 v A2
2<—+—+—) +3(a+b+c)>
c a a+b+c

b

Léi gidi. Khong mét tinh téng quat, gid sit @ = min{a,b,c}, dit b =a +z,c = a+y (x,y > 0), bat
déng thic c6 thé viét lai nhu sau

(2% —zy +y?)a® + 3y (2y — 2)a® + (z* — 52y + 627y + 2y® + ya+ 2yP(x +y) 2 0
Ta sé chiing minh

g(a) = (2 — zy + y*)a® + 3zy(2y — x)a + 2" — 5ady + 62°y> + 2y® +y' > 0
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That vay, ta c6

Ay = —(42° — 2425y + 392%y? — 423y — 122%y* + 4y°) = — f(2)

Néu = > 3y, ta c6 f'(x) = 12z(x — 2y) (222 (z — 3y) + 2% +¥*) > 0 nén f(z) 1a ham dong bién, suy
ra f(z) > f(3y) = 31y° > 0. Néu z < 3y, ta c6
fz) =

(22° — 627y + zy® +y*)? + 232 By — 2) + 3 (2® + 4° — y(z +y)?)

1
>y + 4y —y(z +y)?) > o° (1(50 +9)* +3y° —y(z + y)2>

=y’ <;(ﬂc+y)3+é(w+y)3+3y3fy(w+y)2) > (32/3 - 1) y'(z+y)? >0

Nhu thé, ta luon c6 f(z) > 0, suy ra g(a) > 0. Vay ta c6 dpcm. Dang thiic x4y ra khi va chi khi
a=b=c.

Q00
36 Ching minh ring véi moi s6 thuc duong x,y,z c6 tich bang 1 va véi moi k > 0, ta cé
NG </ Yy f/ z 3
+ + >
\/y—l—k z+k r+k = Vk+1

Loi gidi. Do z,y,z > 0,zyz = 1 nén ton tai cac s6 duong a, b, ¢ sao cho x =
bat ding thiic trd thanh

a®/? 3
>
Cz: b5 /43/c5 4 kad — Vk+1
yc
Stt dung bat ding thic Holder, ta c6

b
cyc cyc

ab/2 4 . . a2\’
(Somiererm) (£ )2 (£5)

Ta can chitng minh

(£5) 22 gemw

cyc

cyc
Hay

a2
Z > > /81(a® 4 b° + )

cyc

Stt dung két qua bai trén, ta can ching minh
15 2 b2 2 i
DAY HS) g0y hte)> 208@ FF 1)
a+b+c

Khoéng mét tinh téng quat, gid st a + b+ ¢ = 1, diit ab+ be + ca =

#,7' =abc (1 > q > 0), thé
thi ta co r < (lfq);%, khi dé, ta c6

1
@+ 4= §(15(q2 +2)r + 35¢* — 25¢% — 1)

Do d6, bat déng thic tuong duong

5¢2 +1 > v/9(15(¢q% 4 2)r + 35¢* — 25¢% — 1)



48 CHUONG 2. SOLUTION

2 N .
Dor < w nén ta chi can chiing minh

5¢2 +1> v/5(¢% + 2)(1 — q)2(1 + 29) + 315¢* — 225¢2 — 9

5¢% +1 > 3/10¢° + 300¢* + 20¢3 — 25042 + 1

Ta c6
VTS — VP = 5¢%(625¢% + 625¢° + 250¢* — 2¢® — 10¢> — 4q + 55) > 0 (do 1 > ¢ > 0)

Bat ding thitc duge chitng minh xong. Dang thitc x4y ra khi vd chi khi 2 =y = 2 = 1.

Nhan xét. Tit két qua bai nay, ta c6 thé suy ra dugc két qua bai 33. Mot cau hoi tu nhien dat ra la: Véi
nhitng gia tri nao ctia n thi bit déng thitc sau ding

]z +§/ y +§/ z o _ 3
y+k z+k r+k = Vk+1

MV

37 Chitng minh ring véi moi s6 khong am a, b, c va vdi moi k > 3, ta cé

a* + ) b(cF +a¥)  c(ak +bF)

> akfl +bk71 +Ck71

a? + be b2 + ca cZ+ab ~
L&i gidi. Ta sé chi ra riing ta chi can xét bat diing thic trong trusng hop k = 3 1a di, that vay xét ham
s6
1 a(b® + c¥)
k) =
f( ) ak—1 + bk—1 + ck—1 %; a2 + be
Ta co

(a1 Rt RN (k) = Z a* 1= (a — b)(Ina — Inb) (

cyc

c abla+b—c)
c2+ab  (a®+ be)(b? + ca)

> Y et a = )ina 1) (5 )

poos 2 +ab (a2 + bc)(b? + ca)

7 Z ZaF 10" (a — b)(Ina — Inb)(a® + b3) -0

g (a2 + be) (b2 + ca)(c? + ab) -

Do d6 f(k) 1a ham dong bién, va nhu thé néu bat déng thitc trong trusng hop k = 3 thi ciing ding
cho moi k > 3. Ta con phai chitng minh véi k = 3 thi bat ding thiic ding, hay

(v°+¢)
Y e 2o

cyc cyc
Hay
a(b® +¢*) 2 2 2
BTN SIS ES ) 3
cyc cyc cyc cyc
ZMa(a—b)(a—c)ZO
cyc
trong do
(a+b—c)la+c—b) (b+c—a)a+b—2c) (c+a—-b)(b+c—a)
“ a? + be ’ b b2 + ca ’ ¢ 2+ ab
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Khoéng mét tinh téng quat, gia st a > b > ¢, xét 2 trudng hop
Truong hgp 1. b+ ¢ > a, khi dé, ta c6 M, My, M. > 0, lai c6

(a+b—c)(a—0b)(ab(a+b—c)+cla® + b?) + c2(a + b))
(a2 + be)(b% + ca)

aM, — bM, = >0

Trudng hgp 2. a > b+ ¢, khi d6, ta c6 M, > 0 > M, M., viét lai bat ddng thitc nhu sau
(a —c)(Mu(a—b)+ M.(b—c¢)) — Mp(a—Db)(b—c) >0

Ta can chiing minh
My(a—b)+ M.(b—c)>0

Ta c6

(a+C*b)(a7bfc)< a b—c>

(A%

a2+bc 2 +ab
cla+c—b)a—0b—c)(a® —b%+ac+ be)
= >0
(a? + be)(c? + ab) -

Bat ding thitc duge chiing minh xong. Dang thitc x4y ra khi va chi khi a = b = ¢ hoac (a,b,c) ~
(1,1,0).
Q00

38 Cho cdc sé khong am a,b, ¢, ching minh bét ding thic

a* . b* n ¢t ad + b+
ad+abe+b  bBB4abe+cd  BHabe+ad T a?+b2+c?

Loi gidi. Xét 2 truong hop
Trudng hgp 1. a®b? + b3c? + c3a? > abe(a® + b? + c?), khi d6 sit dung bat déng thitc Cauchy
Schwarz, ta c6

Z a4 (a3 +b3 +CS)2

>
a®+abc+ b3 T ad® + 0% + & + abe(a? + b2 + ¢2) 4 a2b® 4 b2c3 + c2ad

cyc

Ta can chiing minh
(a® 4+ 0%+ ) (a® + b2 + ) > a® + 05 + & + abe(a® + b + &) + b3 + b33 + 2a®
Hay
a3b? + b3c? + c2a? > abe(a® + b* + ¢*) (ding)
Trudng hgp 2. a®b? + b3c? + a? < abe(a? + b2 + ¢?), khi d6, ta chitng minh duge

1
3(a*d® + bt + cta®) < T(a3b2 + 032 + 2a?)? < (a®b? + b3 + Ba?) (a® + b+ P)
abc
< abe(a® + b* + ¢*)?
Do dé, st dung bat ding thitc Cauchy Schwarz, ta c6

Z a4 S (CL4 + b4 + 04)2

p a®+abc+ b = a” + b7 + ™ + abe(at + b* + ¢*) + a*b? + brc3 + ctad
- 3(&4 +b4 +C4)2
T 3(a” + b7+ ¢7) + 3abe(at 4 bt + ) + abe(a? 4 b2 4 ¢2)?
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CHUONG 2. SOLUTION

Ta can chitng minh

3(at + bt + ¢*)? ad+ v+
3(a” + b7+ ¢7) + 3abe(a* + b* + ¢*) + abe(a® + b2 +¢?)2 T a? 4+ b% 4 2

Khéng mét tinh tdng quét, gid st a + b+ c = 1, dit ab+ be + ca = 1;q2 (1>¢q>0)var=abe,

thé thitac6 0 <r < (17'1);% va bat déng thic trd thanh f(r) > 0, véi

29 — 178¢> — 31q4r2 (¢ + 5)(20¢* — 6¢° + 1)r+ (¢ — 1)%(8¢° + 21¢* — 3¢> + 1)
3 9 81

f(r) = —99r3 +
Theo bat ddng thic Schur, ta c6 27r > 1 — 4¢3, do d6

2(29 — 178¢% — 31¢%) 2(29 — 178¢2 — 31q¢%)

f(r) = —594r + < —22(1-4¢) +

3 3
2 4 2
_ (31¢* + 46¢° + 4) <0
3
Suy ra f(r) 1a ham 16m, do d6
N2
f(r) > min{ £(0), M
27
Lai c¢6 4
2 1)2(R,6 )
f(o):(q 1)*(8¢° + 21¢* — 3¢ +1)20
81
; (1—q)%(1 +2q) _ 2¢%(q — 1)%(464° + 54¢° + 102¢* + 13¢3 + 36¢> — 12¢ + 4) -0
27 2187 -

Dé hoan thanh chitng minh ciia bai toan, xin dugc néu mot 15i giai cho bat déng thric
3abe(at® + b + fa?) < (aPV? + 03P + Pa?)?
Dat o =1,y =4,z =1, thé thi bat déng thic trd thanh
2

(£5) =z3

cyc cyc

Hay
ZSz(y—z)QEO
cyc
trong do
2 2 2
Y y 2z 3 z z 2y 3 T r 2z 3
Se=>5—-—=+——7, Sy=—>F--+——-13, S,=—5——+——-3
22 z+y 2 Yoox2 oz oz 2 Yy y+x 2
C6 2 truong hgp xay ra
+,Néu z >y > 2, khi d6 ta c6 S, > 0, lai c6
2 2 2 9 2
S48, =424 T T 3 2 W T T
2 x oz Yy x oz oy y
2 N2
LA O O &) (ot Y
r Yy ) Yy

22 oz 222 4y

9
S.+28, == T4 LW
+ 25y 2 y+ + 5=



o1

23 2t 222 22 9 _ 2z 2% 2 1
Se+28, =L+ T+ =4 -

_Z_ 2 )
Yy 2 r 27y x? r 27
+, Néu z > y > x, khi d6 ta c6
22z 2y 3 22z 2¢ 3
S, = —= - —4+ = — = — -+ — —==2>0
Va2 oz + z 2 2 o oz 27
22z 2 T 22 2 22 2y
%+&:7+7+—+—7n%>7+—~3>—+—f$w
x x oz Yy x z y?
22 2 2z 2z 2 2x
SetSy=G+G+l+ =232 L 0 2y
z z Yy oz Yy
oy 4 2(a? — 2ay)2? 4 ayPz + ay? < yt 4+ 2(2? — 2zy)y? + 2y + 2y
N ryz? - TYyz>
2 2
ol Gt ) N

x22

Bat déng thitc dugc chiing minh xong. Déng thitc xdy ra khi va chi khi (a,b,¢) ~ (1,1,1) hogc
(a7 b7 C) ~ (1’ 07 O)
(V)

39 Cho cdc s6 duong x,y, z,t théa

1 N 1 N 1 N 1
x4+1 y+1 z+1 t+1

Chitng minh rdng

(1 1 11 1 11 1 11 1 1
min ¢ — + — +77—|—7+77+7+7,7+7+* <1<
T zy =2z tz t xt xT vy
T 1r 11 1 11 1 11 1 1
< max f-&-f-l-f,f—l-f-i-ff—l- +77+ + —
T Yy 2y tz xt Y
Loi gidai. Data—xﬂ,b*yH,C*ZH,d—t}rl,thethltacol>abcd>0vaa+b+c+d—1
Khoéng mét tinh téng quat, gia st a > b > ¢ > d, bat diing thic tuong duong véi
by ¢ 4 g e b
1-b 1—¢c 1—-d~ “1—a 1-b 1-c
Hay
b n c n d <1< a n b n c
a+c+d a+b+d a+b+c~ T b+c+d c+d4+a d+a+b
Doa>b>c¢>dnén
b b c c d d
< ) < ; <
at+c+d " b+c+d a+b+d " b+c+d a+b+c~b+c+d
Suy ra
b n c n d <
a+c+d a+b+d a+b+c™
Tuong tu, ta co
a a b b c S c
b+c+d  a+b+c’ c+d+a " a+b+c’ d+a+b " a+b+c

Do do6
a b c

>1
brctd crdta dtatb-
Bét ding thic dugce chitng minh xong.

VAV



52 CHUONG 2. SOLUTION

40 Cho cic s6 khong am a,b, ¢, ching minh bt ding thic

a? n b2 n 2 < a+b+c
VAda? +ab+ 402 VA2 + b+ 42 VAR + ca + 4a® 3
Loi gidi. V6i moi ¢ > 0, ta co
62
2 >3r-1
42+ x4+ 4

That vay, néu < %, bat ddng thiic la hién nhien. Néu z > £, ta c6

4 —1)?(15z — 4
36x C(Br— 1?2 = (x —1)?(152 — 4)
422 +x + 4 422 + 1+ 4
St dung bat ding thiic trén, 1an lugt thay = bdi % %, <, taco

6a> 6b2 62
>3c—a

—Z?)G*b, — 231)707 =
V4da? + ab + 4b2 VAb? + be + 4¢? Vac? + ca + 4a?
Cong lan lugt vé véi vé 3 bat déng thitc trén, ta c6 dpem. Dang thiic x4y ra khi va chi khia = b = c.

(U,
41 Cho cic sé duong a,b,c, ching minh bit ding thic

alb+c) blec+a) cla+d) 1 1 1 1
<z b T4 ) 42
a? + be b2+ca+02+ab*2 (a+b+c) a+b+c +27

Loi gidi. Bat déing thic tuong duong

a?(b+ c)? ab(a+¢)(b+ ¢ 1 1 1
4Z(a2(++bc§2+8Z(a2(+;rc)()152j—cc)z)§27+(a+b+6)(5+3+5>

cyc cyc

a?(b+ c)? ab(a+¢)(b+c¢) (b+c)?
4Z(a2—|—bc)2+8Z(a2+bc)(b2+ca) S24+Z be

cyc cyc cyc

(b+c)?(a® — be)? c(a —b)%(a+b)
Z be(a? + be)? 8 Z (a® 4 be)(b? + ca) —

cyc cyc

Bét ding thic dude ching minh xong. Dang thitc x4y ra khi va chi khi a = b = c.

MV

42 Cho cic s6 khong am a,b, c théa a + b+ c = 1, chitng minh bat ding thic

a b c 3
+ + <4/z
Va+2b Vb+2c Ve+2a 2

Loi gidi. Xét 2 truong hop
Trudng hgp 1. ¢ > b > a, khi d6 sit dung bat ding thic Cauchy Schwarz, ta cé

(Zm) g(aerJrc)ZcH—Qb:Z(L-FZI)

cyc cyc cyc



Ta can chitng minh

IN
o w

a
ZaJrQb

cyc

Dit « = g,y =& z="2%thitacoa,y>1>zvaaxyz=1,bat déng thiic tuong duong

1 . 1 n 1 <3
2c0+1 2y+1 22417 2
Do x,y > 1 nén
1 1 1 1 2z —1)(y — 1)(4zy — 1) < 1 1z

2z +1 +2y+1 - 2xy + 1 +3 32z + 1)y + DH)(2zy+1) ~ 22y +1 +3 242

Ta phai chitng minh

z 1 7
<
z4+2 224176
Hay
222 +232 +2
P2t >0 (dung)

6(z+2)(2z+1)
Trudng hop 2. a > b > ¢, xét 2 kha nang
Kha nang 2.1. a > 4b, khi d6 ta sé chitng minh

a < a+c b n c <V
Va+20 T Va+fce+2b Vb+2¢ Ve+2a

That vay, ta c6

(a+ c)? 3 a®  c(a® + 4ab + ac + 2bc)
a+c+2b a+2b  (a+2b+c)(a+20)
b c b c

+ < +
Vb+2¢ Ve+2a T Vb+2c Ve+38b
Ta phai chitng minh

b + C < \/E
vVb+2¢c Ve+8b
Hay
b? 2 2bc
+ + <b
b+2c 8b+c (b+2¢)(8+¢)
2b c 2b

— >
b+2c 8b+c ™ \/(b+2c)(8b+c)
224b* — 36b3¢ — T1b%¢? — 4be3 + 4¢*

>0 (da
(b+ 20)2(8b+ c)? = 0 (ding)
Kha nang 2.2. 4b > a, khi d6 ta sé chitng minh
a a+3 b c c
S ) + < b+§
Va+2b \/a+2b+% Vb+2c e+ 2a
That vay, ta c6
(a-l—%)2 B a®  c(2a(4b — a) + c(a + 2b))
a+2b+3  a+2b  2(a+2b)(2a+4b+3c)
b c b c

+ < +
Vb+2¢c Ve+2a T Vb+2¢ Ve+2b

"3

53
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Ta phai chitng minh
b

b+ -
\/b—|—2c \/c+2 -
Hay
b2 2 2bc c
+ + < =
b+2c 2b+c (20 +¢)(b+ 2¢) 2
2b 1 2b c
+ - > +
b+2c 2 (2b+c)(b+2c) 2b+c
Do b > ¢ nén
c 1 1 2b 2b
S 5 < a S
2b4+c—3 2 (204 c)(b+2c) ~ b+2c

Nhu vay, trong moi kha nang, ta chi can xét bat ding thitc trong trudng hgp ¢ = 0, khi dé bat ding
thic tré thanh

a 3
N
va+2b 2
Hay
1-b
S
V1+0b

2
(1—1b)2 \/§
< 2
146 — 2 Vb
1—2V/6b+9b — 2bv/6b
2(b+1) -
Bét dfing thic dugce chitng minh xong. Ding thitc khong xay ra.

0 (dtng)

Nhan xét. Ngoai ra, bing cach sit dung bat déng thitc Holder, ta tim dugce két qua sau

a b c
+ +
Va+2b Vb+2¢ e+2a T

QOO0
43 Cho cic s6 khong am a, b, c, tim hing sé k tét nhit dé bat ding thic sau ding

L b L 3+kmax{(a—b)2,(b—c)2,(c—a)2}
b+c c+a a+bd~ ab+ bc+ ca

Loi gidi. Khong mat tinh tdng quat, gid sit @ > b > ¢, bat diing thic tré thanh

a 3 k(a —c)?
IR
b+c ™ 2 ab+bcH+ ca

cyc

Choc=0,b=1,a =2, ta suy ra duge k < -

5 ta s& chiing minh d6 13 gia tri can tim, tic 1a

16>

a 3 7(a —c)?
y oo 53, Ta-gf
2 16(ab+ be + ca)

Hay
(ab+ be + ca) + 1—76(a —¢)?

L (a—cp?

1 3
2 2 2
7>7
a®+b°+c +abc§ o2 2(ab+bc+ca) T
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Stt dung bat ding thic Cauchy Schwarz, ta cé

Z 1 - 9
b+c ™ 2(a+b+c)

cyc

Ta can chitng minh

(ab + bc + ca) + l(a —c)?

9abe §
2 16

2 2 2
b —_ >
a”+0"+c +2(a+b+c)*

Dit a = c+ x,b = c+y thi ta c6 © > y > 0, bing bién ddi tuong duong, ta cé thé dua bat ding
thite vé
(112? — 322y + 32y*)c + (z + y)(3z — 4y)* > 0

Bat ding thic nay hién nhien ding, vay ta c6 dpem, do d6

kmax = l
16

MV

44 Cho cdc s6 khong am a,b,c, ching minh bit ddng thic

a 3 b 3 c 3 3 a? + b + 2 2
+ + <s |\ 55—
a+b b+c c+a 8 ab + be + ca

Loi gidi. Truée hét, ta chitng minh ring véi moi x,y, 2 > 0, zyz = 1 thi

1 5
Y T T aar s 2]

cyc

That vay, dat m = i‘;,n = }:L—Z,p = L‘Lz thi ta c6 m,n,p € [-1,1] va (1 = m)(1 —n)(1 —p) =

(14 m)(1+n)(1 +p), suy ra
m+n+p+mnp=0
bat ¢ = mn +np + pm,r = mnp thi |r| <1, ta c6
m2n?p® = (m+n + p)? = m? +n® + p* + 24

Suy ra
2¢ =m*(n*p? —1) —n?> —p> <0

Mat khéc, ta lai c6
20 =m’(n’p’ —1)—n>—p* > (n*p* - 1) -’ —p* =n’(p’ 1) —p* - 1> (p* - 1) —p* —1= -2
Do d6 q € [~1,0], ta c6 bat déng thiic twong duong
3 4+3r2 —q(143r) >0
Néu r > —% thi ta 6 dpem, xét 7 < —%, khi dé, ta co
P+ 3r2 —q(1+3r) >3+ 32 + (1+3r) = (1+7)* >0

[

Bat ding thiic dude chitg minh xong, st dung két qua nay véi z = %Y=,z =%, tasuy ra dugc

b3 S5abc
DI Rl PRy (s Ty

cyc
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Tré lai bai toan cta ta, bat ddng thitc dude viét lai nhu sau

3 24 12 4 2)2
Zl_ a +3(a+b+c)23
(a+b)3 8(ab + be + ca)?

cyc

b3 ab 3(a? + b2 + ¢?)?
3 >3
gy;(a+b)3+ Czy;(a+b)2+8(ab+bc+ca)2_

Stt dung két qua trén, ta can chitng minh

ab 3(a® 4+ b? + ¢2)? 5abc
> 2
32 Gt or @b rber e 22T @i DB 9T a)

cyc

Khong mét tinh tdng quat, gia st a + b+ ¢ = 1, diit ab + bc + ca = 1_3q2,r =abc (1 > ¢ > 0), khi
do ta c6 r > max {O, %}7 bét ding thic tuong duong

>0

fr) =3 1— ¢ (1—¢q%—3r)2

3 (1 + 2q2)2 108r2 + (15 4 20¢%)r — (1 — ¢2)%(1 + ¢2)
8

Ta c6

3((87 = 60¢)r + (1 - ¢*)(2¢* +4¢° +3)) _

f/(T) = (1—q2—3r)3 =

Do d6 f(r) 1a ham dong bién, suy ra

B 2 z
Néu 2 > 1 thi f(r) > £(0) = 2 (11t2qq22) >0, néu 1> 2¢ thi

o) 2 g (L2200

_3¢%(14(2 — 10q + 13¢?) + 124¢%(1 — 2q) + ¢*(1 + 52¢* 4 10¢%) + 18¢°(1 — q)) -0

8(1-¢*)?*(2-q)*

BAt ding thitc dugc chitng minh xong. Dang thitc x4y ra khi va chi khi a = b = c.

MV

45 Cho a,b,c,d la cdc s6 dwong théa méan a,b,c > 1 va abed = 1, chitng minh ring

1 1 1 1
<4
@ —at1?  @-br12 (@—erlP  (@-dr1E "

Lo gidi. Ta co
1 + 1 <14 1
(x2—z+1)2  (YP2—-y+1)2— (x2y? —zy+1)2

véi moi x,y > 1. That vay, bat déng thiic tuong duong

(1‘ m) <1‘ W —;+1>2> > E Ty G T

Hay

ay(z —1)(y - 1)(@* —2+2)(y* —y +2)(2°y° —ay + 1)
> (e -y - D@+yRy —zy(z+y) + 2> +y* -z —y+2]
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wy(a® —z+2)(y -y +2) (@Y -2y +1)* > (¢ +y)[20%° —zy(e +y) +2* +y* —2 -y + 2
Do z,y > 1 nén
(@® —z+2)(* —y+ 2@ —ay+1) >4,  2zy>a+ty

Do dé
zy(a? —z+2)(y* -y +2) (2% —zy + 1)* > 2(z + y) (2%y* — 2y + 1)

Ta can chitng minh
20y —ay+1) > 2% —ay(x +y) + 2>+  —z—y+2

Hay
(z —1)(y —1)(z +y) > 0 (dung)

Sit dung két qua trén lan lugt véi a, b, ¢, ta duge

1 1 1
<14 —
@ —atr 1?2 T @112 (@ —abr 1
1 N 1 14 1 s d*
(a?b?2 —ab+1)2  (2—c+1)2 — (a2b2c? — abc +1)2 (d?2 —d+1)2
Do do
1 1 1 d*

<
@—at1)?  B-bt1?  (@-ctlE = ([ @—dt1?
Mzt khéc, ta lai c6

d* N 1 _ (-1 Lo<o
(2 —-d+1)2  (d?2—-d+1)? (d? —d+1)? -

Bat ding thitc duge chitng minh xong. Pang thitc xay ra khi va chi khia =b=c=d = 1.

VAV

46 Vdi moi s6 khong am a,b,c, ching minh ring

2 2
\/a +4bc+\/b +4ca+\/c +4ab>2+\[

b2_|_02 02_|_a2 _|_b2

Loi gidi. Khong mat tinh tdng quét, gid sit a > b > ¢ > 0. Xét 2 trudng hgp
Trudng hgp 1. 4b> > a?c, khi dé ta cé

a® + 4bc B aj _c(4b® — a*c) b% + 4ca 3 ﬁ  c(4a® —b3c)
2+ 2 (2 +c?) — 2ta2 a2 &(Etad)

Z [a? 4 4be g b /
b2+02 *b 2+b2
Stt dung bat ding thic AM-GM, ta dudc

a b ab 1 a +b2 a? + b? ab

IR YNy S (I 92,/

b+a+ a? + b2 ( +<\fab a? + b2

2 1
2(1—7) \/ +b ( 2)+2\f—2+\f

Suy ra
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Trudng hgp 2. 40> < a?c, suy ra a > 2b, ta cé

a? + 4bc B a? + 46>  (b—c)(a*(b+c) — 4b*(b—c)) >0
b2 + c2 202 202(b2 + ¢2) -

Z\/a2+4bc \/a2+4b2+g+2 ab
242 ~ 202 a a? + b?

Dit 2 = ¢ > 2, ta can ching minh

Suy ra

Doz >2nena(2?+1)—(z+1)2=a23(1-L-L - L)>a3(1-1 -4 — &) =12°>0,suy
ra /z(z?2+1) >z +1,do dé

, T 1 2?2 — 1 1 2 -1
fla)= —m=—=— 5~ 5 = T R i DTl
/%+2 T Dy/z(22 4+ 1) 1.2 22 (BP+1)+1)

2
1 1 r—1 2%2-4 (x72)2+1
2

]
8

= + >0

> —
=2 22 2241 422 4(x2 +1)

Vay f(z) 1a ham dong bién trén [2, +0c0), do do

f(z)Zf(Z):g+2\/g>2+\/§

Bat ding thiic duge chiing minh. Dang thite xy ra khi v chi khi (a,b,¢) ~ (1,1,0).
(Vv

47 Cho cdc s6 khong am a,b,c, ching minh bit ddng thitc

(a — b)(13a + 5b) N (b—0c)(13b+5¢) (¢ —a)(13¢c+ 5a) >0
a? + b2 b2 42 2 +a? -

Loi gidi. Bat déng thic duge viét lai nhu sau
Z 13&2 — 8ab — 5b2
a? + b2 -
cyc

Hay

— b2
zy: 2+b2 Za2+b2*

Chi ¥ ring
2_b2 b2_2 2 2 2_b2 b2_2 2 2
S W Ot W AUt W PN W SOt Y POl
a2+b2 b2+62 62+a2 a2+b2 b2+C2 C2+a2

Nén

a2+ (a2+02) (0% + 2)( +a?)

cyc

a? — b? a? — b)) (b — ?)(c — a?
Dy ( )( )( )

Ta can chitng minh
)2 2 p2\(p2 _ 2Y( 2 _ 2
42 (a—10) > 9(a® = b*)(b* — ) (¢* — a?)
a? + b2 (aZ +b2)(b2 + c2)(c? + a?)

cyc
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Stt dung bat ding thic AM-GM, ta c6

(a—0)_ ., (a=0)%(b—c)*(c—a)?
2 aipe > 3\/(a2+b2)(b2+02)(02+a2)

cyc

Ta phai chitng minh

4§/ (a—0)2(b—c)?*(c —a)? S 3(a? — b)) (b — 2)(c* — a?)
@+ R T @+ @)~ (@5 R+ ) T a)

Hay
64 [ J(a® + 1) > 27] [ (a® — b*)(a + 1)

cyc cyc
Bét dfing thic nay 1a hé qua clia bat ding thiic sau véi moi z >y > 0
4(2* +3°)* = 3(a® — y?)(z +y)?

Hay
zt — 623y + 82%y? + 62> + Tyt > 0

+, Néu z > 6y thi bat diing thic hién nhién ding.
+, Néu z < 6y thi ta c6

xt — 623y 4 822y? + 62> + Tyt = 2%(x — 3y)? + 2?6y — x) + Tyt >0
Bét ding thic dugce chitng minh xong. Ding thitc xay ra khi va chi khia=b = c.
(VY

48 Chatng minh ring vdi moi s6 duong a,b, c,n, ta cé
2 n 2 n 2 n
a® + be n b* + ca n c®+ab S b
b+c c+a a+b
Lyi gidi. Khong mét tinh téng quat, gid st a > b > ¢ > 0. Ta ¢
a? +bc\" -1
ab+c)) —
a? +be\" b2 +ca \" (a? + be) (b2 + ca) n/2
+ > 2 >2
a(b+ c) b(c+a) ab(a + ¢)(b+ c)
(a® 4+ be) (b? + ca) — abla+ c)(b+c) = c(a — b)*(a+b) >0
a? +be n+ b +ca n+ c? +ab n23
a(b+c) b(c+a) cla+b)

n n n
bat z = (;’:bfkbcc)) —1l,y= (figﬁl")) —1l,z= (02+“b) — 1 thitacé

Va do d6

x>0, x+y2>0, z+y+220
Do do

Z <aZiic>nZa” =a"x+b"y+c"z

cyc cyc

— (a,TL —bn)iL'+ (bn _C'n)(l,_'_y) +CTL(£L'+y+Z) 2 0
Bét ding thic dugce chitng minh xong. Déng thitc xay ra khi va chi khi a = b = ¢ hosic n — 0.
Q00
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49 Cho cdc s6 khong am a,b,c théa a + b+ c = 1. Tuy theo gid tri ctia n € N, hay tim gid tri lon nhat
vQ gid tri nhé nhét cla biéu thic

P(a,b,c) =a(b—c)" +blc—a)" +c(a—b)"

Lot gidi. Trong trudng hgpn =0van =1thitacé P=1va P =0. Xét n > 2, khi d6 ¢6 2 trudng hgp
Trudng hgp 1. n 18, suy ra n > 3, v6i gid thiét b 14 s6 hang nim giita a vA ¢, ta s& chitng minh

P(a+¢,b,0) < P(a,b,c) < P(a+c,0,b)

C6 2 kha nang
Kha nang 1. a > b > ¢ > 0, xét ham s6 g(a) = P(a+¢,0,b) — P(a,b,c) = (a+ ¢)"b— (a + c)b" —
a(b—¢c)" —b(c—a)" —cla—b)", ta cod

g (a)=mbla+c)" ' —=b" —(b—c)")+n(bla—c)"t —cla—b)""1) >0
Suy ra g(a) 1a ham dong bién, do do
g(a) > g(b) =b(b +)((b+ )" =b"71) >0

Xét tiép ham sb h(a) = P(a,b,c)—P(a+c,b,0) = (a+c)"b—(a+c)b"+a(b—c)"+b(c—a)*+cla—b)",

ta c6
R'(a)=nb((a+c)" P —(a—c)" 1) ="+ (b—c)" + nc(a — b)" !
>nb((b+c)" L= (b—c)" ) ="+ (b—c)"
e N N
_ ancii_-ﬁ-llbnfmflchrl _ ZCTQLi+1bnf2iflch+l I Zorzlz‘bnfzz‘c%
i=0 i=0 i=1
= s
_ an72i7162i+1(2ncii_+ll _ C%iJrl) + Zcfr?jbn72i62i — " > 0
i=0 =1

Suy ra h(a) 1a ham dong bién, do d6
h(a) > h(b) =bb+c)((b+¢c)" 1 =" 1) >0
Kha nang 2. a < b < ¢, khi d6, ta co
P(a,b,c)=alb—c)" +blc—a)" +cla—b)" = —(c(b—a)" +bla—c)" +alc—b)") = —P(c,b,a)

Theo trén, ta co
P(c+a,b,0) < P(c,b,a) < P(c+a,0,b)

Do do
P(a+¢,b,0) = —P(c+a,0,b) < P(a,b,c) < —P(a+¢,b,0) = P(a+¢,0,b)

Vay trong moi khé nang, ta luén co
P(a+¢,b,0) < P(a,b,c) < Pla+¢,0,b)
Xét ham s6 f(z) = (Ti"l% véi z > 0, ta c6

— "4+ nz" P4+ nr—1
(x4 1)n+2

f'(z) =

flz)=0&y(z)=2"—na"' —nz+1=0
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Dé thdy # = 0,2 = 1 khong la nghiem ctia y(z) vai néu z > 0 (z # 1) 1a 1 nghiem ciia v(z) thi 1
ciing 1a nghiém ctia y(z), do d6, ta chi can xét nghiem clia y(z) trén [0, 1] 1a da. Khi d6, ta c6
7(@) = —(n(l —2"") +n(n - 1)a""?) <0

Suy ra (t) 1a ham nghich bién, lai ¢6 v(0) = 1 > 0,7(1) = 2(1 — n) < 0 nén ton tai duy nhat
xg € (0,1) sao cho y(zg) = 0, do d6 phuong trinh y(z) = 0 chi ¢6 2 nghiém duong la zy va ?10 Tu

o) (%)

o) < max{ 1001

day, ta dé& dang kiém tra dugc

Suy ra
Pla+e,0,8) = —(a-+ )"+ (a+c)b" = —f (““) - (L)
b -

Trudng hdp 2. n chin, khi dé dé thay min P(a,b,c) = 0 v P(a,b,c) 13 mot biéu thitc ddi xting
véi a,b, ¢, do d6 khong mét tinh téng quat, ta co6 thé gid st a > b > ¢ > 0. Néu n > 4, dat

b=t+s,c=t—s (t>m >0 vaxét ham s6
a(s) =2"%as" + (t+s)la+s—t)"+({t—s)(t+s—a)"

Ta ¢6
's)=2n((a+s—t)" ' —(t+s—a)"H+nn-1)(t+s)at+s—t)"2+({t—s)(t+s—a)"?)
") 20

+2"n(n — l)as"’2
in(n —Da(b — "2 + 2n((a = 5" + (a = ") + nln — (cla — )"+ ba

Suy ra a(s) 1a ham 16i, do do
a(s) < max{a(t), a(0)}
Nhu vay, ta chi can xét bai toan trong truong hop (a — b)(b — ¢)(c — a) = 0 hodc abc = 0.
(i) abc = 0, khong mat tinh tdng quat, gid st a > b > ¢ = 0, ta can tim gia tri 16n nhat cla
= (yﬁn;)rfﬂ =u(y) v6iy = % < 1. Taco

P(a,b,c) = a"b+ ab™ = (aanf;)‘iﬂ =
1-— "l _(p—1Dy"2—.. .. —(n—-1 1
W) = L=V (n— Dy : (n—Dy+1)
(y + 1)+
Tit day, ta d& dang suy ra duge «/(y) = 0 chi c6 2 nghiem 1& 1 va yo € (0,1) va nhut thé, ta c6 thé
kidm tra dugc
u(y) < u(yo)
(i) (@ — b)(b — ¢)(c — a) = 0, khong mat tinh tdng quét, gid st b = ¢, ta ¢c6 a +2b = 1 va
P(a,b,c) = 2b(a — b)". Néu a < b thi P(a,b,c) = 2b(b— a)” < 26" ! < - néu a > b thi sit dung
bét déng thiic AM-GM, ta c6
a—b\" _ n™(a— b+ 3b)mt! on™
P(a,b,c) =2b(a—b)" = =n"-3b- < =
(Cl7 70) (G ) 37l ( n > (n+1)"+1 3(n+1)”+1

2
<

Néu n = 2 thi ta c6 P(a,b,c) = a(b — c)? + b(c — a)? + c(a — b)? = ab + bc + ca — 9abc. Néu
ab + bc 4+ ca < & thi hién nhién P(a,b,c) < I, néu ab + bc + ca > 1 thi sit dung bat déng thic
1

!

Schur, ta co
P(a,b,c) = ab+ be + ca — 9abe < ab + be + ca — (4(ab+be+ ca) — 1) =1 — 3(ab+ be + ca) <
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Tit day, ta dé dang di dén két luan ciia bai toan.

VAV

50 Cho cdc 6 duong a,b,c théa a + b+ c =3, tim hang s6 k ldn nhdt sao cho
515 4 5 _
a’+b —&—cr 3 >k
PP +A -3

L&i gidi. Cho a =b=3—+/3,c=2v3—3, ta suy ra duge k < %, ta sé ching minh day chinh

13 gia tri can tim, tic 13

>

cyc

5(5v3-17) 24v/3 — 36
<a5_ VI R )ZO

Hay
—22 2(37—23V3
Z(afl)2 a3+2a2+38 \/§a+ ( v3) >0
p V3+1 V3+1
Hay
> (4My + My + M) (a —b)(a —c) > 0
cyc
trong do
— 2 (37— 23V3
Ma:a3+2a2+38 22\/§a+ ( V3)
V3+1 V3+1
—22 2(37—23V3
Mb:b3+2b2+38 \/§b+ ( v3)
V3+1 V3+1
- 22 2(37—23V3
MC:03+202+38 \/§c+ ( )
V3+1 V3+1
Ta c6

3(38—22\/§)a+ 9 (62 — 38v/3)
V3+1 V3+1

3(38—22\/§)a+ 9 (62 — 38v/3)
V3+1 V3+1

3(38722\/§)a+ 9 (62 — 38v/3)
V3+1 V3+1

4M, 4 My + M, = 4a® + b* 4+ 2 + 2(4a® + V> + &2) +

(b+¢)?

> 4a® + +8a* + (b+c)* +

(3—a)®
1

15(a+3-2v3)" (a—3+43)
B 4

+8a*+ (3—a)® +

>0

Tuong tu, ta c6 4My+M+M,, 4M.+M,+M, > 0. Khong mét tinh tdng quat, giastta > b > ¢ > 0,
suy raa—+b> 2 taco

19— 11
(4M, + My + M,) — (4My + M. + M,) = 3(M, — M) = 3(a® — b®) + 6(a — b) a+b+u§
V3+1
19— 113
>3 =) +6(a—b)|2+4 —T"|>0
> 3(a ) +6(a )< 7l ) C



63

Do doé,

> (4My + My + M) (a — b)(a — ¢) =(a — b)((4Mq + My + Me)(a — c) — (4My + M + M) (b — c))

cye
+ (4Me + Mo + Mp)(a—c)(b—c) >0
Bét diing thic dugce chitng minh xong. Vay
5(5v3-17)
V3+1
VIV

kmax =

1 [Nguyén Phi Huing] Cho cic s6 khong am a,b,c théa a® + b% + c® = 8, chiing minh bat ding thic
d(a+b+c—4) <abc

Léi gidi. Dat 2 = a+b+c,y = ab+ bc + ca thi ta ¢6 22 — 2y = 8. St dung bat ding thiic Schur bac 4,
ta c6

s W= —y) (@2 16) +8)
- 6x 12z

Ta can chiing minh
(22 — 16) (22 + 8)

> —
122 zd@—4)

Hay
(x — 4)%(2? + 8z — 8)
122

Bét déng thitc nay hién nhién ding, vay ta c6 dpcm. Déng thitc xay ra khi va chikhia =b=2,c =0
va cac hoan vi.

>0

MV

52 Cho m,n (3n? > m?) la cdc s6 thuc cho trudc va a,b,c la cdc s6 thuc théa man a + b + c
m,a? + b? 4+ ¢ = n?. Tim gid tri lon nhat va gid tri nhé nhat cia biéu thic sau

P =d?b+b%c+ cta
Lo"l,gzaz Dita =2+ %,b=y+ %,c= 2+ %, thé thi dieu kién bai toan cho ta z +y + 2 = 0 va
22 4+ y? + 22 M Biéu thitc P tré thanh

3
P:x2y+y2z+22z+%
Ta c6
2
Z 3x 2 18 T 1
32 _—m2  3n2_m2 Y
cyc
3/2
_ 2 2
S . (z) e DECT Y LI ] I
cyc cyc cyc cyc
“5+ POECTEET) g QZwa
3n2 — m2 2 3n2 —m?
cyc cyc
Doz +y+z=0nénay+yz+ 2z =—1(2? +y* +22) = —3"2677"2, suy ra
2 2
2,2 (3”2 —m?)?
- -9 - _ n? —m7)”
St = (Son) -2 () - B
cyc cye cyc cyc



64 CHUONG 2. SOLUTION

Do do6
9 3/2 ,
12 54(32_m2> > 2’y >0
cyc

Suy ra

Sy < 2 (30w

=9 2

cyc

Vay

Mit khé.C, cho = — \/2(3n2—m?2) c o V/2(3n2—m?2) An v/2(3n2—m2)

— 4m _ 87 ,
< 08 oY = < cos g,z = Y——F——cos F, ta c6

Vay

2 (3n? —m? 3/2 m3
maxp:@(f) iy

2
Hoan toan tuong tu, bing cich xét biéu thic Deye (3I1/ﬁ + ﬁxy + 1) , ta dé dang

suy ra dugc

2 2\ 3/2 3
min P = 72 LL m _m
9 2 9

Bai toan dudc gidi quyét hoan toan.

(VA

53 Tim hdng s6 k nhé nhat sao cho vdi moi a,b,c > 0 thi

ad N b3 N 3 < 3(a+b+c)
ka? 4+ (b+c)? kb2 + (¢ + a)? ke + (a+b)? — k+4

Loi gidi. Choa=0b=1,c=0, suy ra k > 5. Ta s& chiing minh day 1a gid tri can tim, tic 1a

a3 at+b+c
> <4/
g 5a2 + (b+ ¢)? 3

St dung bat ding thic Cauchy Schwarz, ta cé

2

a3 a?
(S \ariee) <(20) (Barrm)

cyc cyc
Ta can chitng minh

a? 1
IS T
5a2+ (b+¢)? — 3

cyc

Khéng mét tinh tdng quét, gid st a+b+c=1vaa>b>c¢ >0, suy ra a > % > c. Bat dfing thiic

trg thanh )

Za7<l
6a2 —2a+1 — 3

cyc



Xét 2 truong hgp

+, Néu ¢ > %, ta ¢

27a? 27a? (3a —1)%(8a — 1)
I N L 12a—1— ¢ e e,
Cyzc6a2—2a+1 ;( “ 6a2—2a+1> ; 6a2—2a+1 =

2a—1 2b—1 6¢c?
6(VI —VP)=
( ) 6a2—2a+1+6b2—2b+1+602—26+1
a—b—c b—c—a 6¢2

6a2—2a+1+6b2—2b+1+602—20+1
2(a — b)2(3c — 2) 6c 1 1

T (6a2 —2a+ 1)(662 — 2b+ 1) +C<602—20—|—1 T 6a2—2a+1 602 —2b+1

Ta phéi chiitng minh
1 1 6¢
+ >
6a2 —2a+1 6b2—-20+1 " 6c2—2c+1

Do ¢

IA

G257 < 1, suy ra ta chi can ching minh

[
=}

n

1 1

>1
6a272a+1+6b272b+1 -

++, Néub< i thi

——>1
662 —2b+1 —

++, Néu b > 1, sit dung bat ding thiic Cauchy Schwarz, ta chi can chitng minh

=

4>6(a®+b%) —2(a+b) +2

Hay
(2(a+b) +c)(a+b+c) > 3(a® +b?)

Do b > & nén 3b > a, do d6

(2(a+b) +c)(a+Db+c)>2(a+b)? =3(a®+b?) + 4ab — a* — b?
> 3(a® + b%) + 3ab — a® > 3(a® + b?)

Bét dfing thic dugce chitng minh xong. Vay
kmin =5.
(VVV

54 Chitng minh ring néu a,b,c >0 va a+b+c =3 thi

(ab + be + ca) 2 4 b - <g
2+9  2+9 a?2+9/) 710

Loi gidi. Bat ding thic tuong duong véi

Z a < 9
p b2+9 ~ 10(ab+ bc + ca)

65

)
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CHUONG 2. SOLUTION

Hay
I T T
10(ab+bc+ca) 9 pws b24+9 3
Stt dung bat déng thitc Cauchy Schwarz, ta c6
Z ab? (ab + be + ca)?
b

2+9 - ab2—|—b(‘2+(’a2+27
Ta can chitng minh

9

(ab+ be + ca)? N 1
10(ab+bc+ca)  9(ab? +bec? + ca? +27) ~ 3
St dung bat ding thiic AM-GM,
2 N (ab + bc + ca)? S5 1
5(ab+bc+ca)  9(ab® + be? + ca? 4+ 27)

9-10%(ab + bc + ca)?(ab? + be? 4 ca? + 27)
Lai sit dung bat déng thitc Cauchy Schwarz va bat ding thitc AM-GM, ta dugc
(ab + be 4 ca)*(ab® + be* + ca?)? < (ab + be + ca)* (a?b? + b2 + 2a?)(a® + b* + ¢2)
< 27(ab + be + ca)*(a®b? + b2 c? + ?a?)

Dit « = ab+ be+ ca, theo bat ding thic AM-GM va bat dng thite Schur, < 3,abc > 42=9 . Suy
ra

(ab+ be + ca)?(a®? + b2* + ?a?) = 22 (2?

— 6abc) < x2(z? — 8z + 18)
=(z -3 +1)+27<27
Do do
(ab + be + c¢1)2(al)2 + b+ caz) <27
Suy ra
2 (ab + bc + ca)? < 1
5(ab+bc+ca)  9(ab? +be® + ca? +27) ~ 6
Va nhu thé
9 (ab+ be + ca)? N 1
10(ab + be + ca)

9(ab?® + bc? 4+ ca? +27) — 3
Bét ding thic dudc ching minh xong. Ding thitc xay ra khi vichikhia =b=c=1

(V)
55 Cho cdc s6 duong a,b,c théa a + b+ ¢ = 3, chiing minh bat ddng thitc

ab be ca 3
+ =
V2 +3 \/a2+3 Vb2 +3
Loi gidi. St dung bat déng thic Cauchy Schwarz, ta can ching minh

(£ e )

Khoéng mét tinh téng quét, gid st a >b>¢>0.Data+b=2t,a —b=2m,suyra > >t > 1,c=

3 — 2t, xét ham s6

C2—m2 c(t4m) c(t —m)
T = e e a—me *3r v mp




Ta c6

1 2m
B+ (t—-m)2)? 3+(t+m) )2> 34

Ftm) =2 ) (

(
+C<3+(t1—m)2 3+ t+m)2)

 c(a® —b?) 2abc(a? — b%)(a® + b2 + 6) _a—b
 (3+a?)(3+b?) (3+a?)%(3+b2)? 3+¢?
~(a—b) < cla+ D) 2abc(a +b)(a* +6* +6) 1
N (3 + a?)(3 + b2) (3+a2)2(3 + v2)2 3+ c?

Ta sé chitng minh f/(m) < 0, hay

)
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c(a+b) 2abc(a + b)(a? + b? + 6) < 1
B3+ a?)(3+b?) (3+a?)2(3+06%)2 ~ 3+
Chi y ring (3 +a?)(3+b%) > (3+ t2)2 do a+b < 3 va ab(a? +b?) < 2t*. Do d6, ta chi can ching
minh
2e 8t _ 1
(B+12)2  (3+12)3 ~ 3+¢?
Hay

2t(3 —2t)  8t3(3 — 2t) 1
(3+12)2  (3+1t2)3 ~ 3+ (3-—2t)2
9(t — 1)(9t° — 31t +42¢3 — 22t + 21t — 3) > 0

Bét dfing thic nay ding do % >t >1. Do d6, f(m) la ham khong tang, suy ra

2 2tc

f(m)Sf(O):erm

Mat khéac, d& thay ab + be + ca < #(t + 2¢). Ta con phai chiing minh

t? 2tc > 9
<

tt+20) [y ) <2
(+C)<3+c2+3+t2 =1

t? 2t(3 — 2t 9
1t(lt”%(?’_%))<3+(3—2t)2 * Z(’>+t2 )) =1

(t — 1)2(5t* —24¢3 + 331> — 9t — 9) < 0
Bét déng thic ding do 3 >t > 1.
Vay ta c6 dpem. Déng thiic xay ra khi va chi khia=b=c=1.

MV

56 Ching minh ring véi moi a,b,c duong thi

R L e

Lyi gidi. Sit dung bat déng thitc Holder, ta duge

(V) (Soas) = (23)




68 CHUONG 2. SOLUTION

Do dé6, ta can chitng minh

3
1 16(a+ b+ c)? 1
<§:a> 2 et b Ot a) 2 T e

cyc cyc

Datz =1 y= 4,2 =1 Dbat déng thic trd thanh

(x+y+2)>>

16(xy + yz + 2x)3 Z x
3 +y)y+2)(z+a) S=y+z

Stt dung bat déng thitc AM-GM, ta cé

(@+y)y+2)(z+2)=(@+y+2)(zy+yz+2z) —zyz > §($+y+z)(9€y+y2+zw)

Ta phai chitng minh

(z4+y+2)*
——— > 6(xy +yz + z2x
Ty +yz +zxr (zy +y )gy;erz
Hay
(z+y+2)* 2.2, 2 1
—— > 6(z" +y° + 2°) + 6zyz
Y + Yz + zx ( 4 ) Y Czy;y—i—z
Lai st dung bat déng thic AM-GM,
4 1 1 4 1 1 4 1 1
<-4, <-4, <-4+ =
Y+ z Yy oz z+z A r+y x oy

Suy ra

1 1/1 1 1 T
B R S D
2 2xyz

Ta can chiing minh
(z+y+2)° 2, .2, 2
- >0 3
vy T yr oz 2 0@ Y ) 3y +yz ot za)
(z+y+2)*

>6 Z_9
P S———— (x4+y+2) (zy + yz + 2x)

((z+y+2)° = 3(zy +yz + 22))*
Ty + Yz + zx

>0
Bét déing thiic duge ching minh xong. Ding thitc xay ra khi va chi khia=0b = c.
Q00

57 Tim hing s6 k lon nhét sao cho bét ding thic sau ding

1 1 1 k
<
a(L 1002 T b1 teal Tt ab)? = (L+ab)(l+bo)(1+ ca)

| =

L3
4

trong dé a, b, c la cic s6 duong théa abc = 1.
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Loi gidi. Choa=2,b=1,c= %, ta ¢6 k < 4. Ta sé ching minh

1 16
1 e S T T L T e

cyc

Hay 6
a
4%;@ S a0t o
Dat z = hg,y: L‘rz,z = ﬁ, thi z,y,2z € [-1,1] va
(I-z)(1-y)(l-2)=0+2)1+y)(1+2)
Suy ra

r+y+z+zyz=0
Bat ding thic tré thanh

-2 <1420 +2)(1+y)(1+2)

cyc

242y +yz+za) F 20 Fy+ 24+ ayz) >0
(x+y+2)2>0

Vay ta c6 dpcm, do dé
kmax =4.

(VA

In3
In3—In2

a2 1/k b2 1/k 2 1/k
[ — _— >2
(b2+bc—|—c2) +<c2—|—ca—|—a2) +(a2—|—ab—|—b2) -

Lyi gidi. Sit dung bat déng thitc Holder, ta cé

k
a’ )l/k) < 2 2 3
J(k+1) | 13/ (k+1) | 3/ (k+1)\k+1
E 5 5 g a(d®*+bc+c?) | > (a +5b +ec )
(Cyc <b +bc+c

cyc

58 Cho cdic sé khong am a,b, ¢, ching minh bat ding thic sau vdi k =

Ta phai chitng minh
(a3/ (k41 3/ (et 1) o @3/ (DL > 9k (4 4 b + ¢)(ab + be + ca)

Khong méat tinh tdng quat, gid sta >b>c¢, dita=t+m,b=t—m véit > m+c,m > 0, xét

ham s6
f(m) = (k+ 1) In ((t +m)> FHD 4 (& —m)3/F+D L 3/GHDY _n (82 + 2t — m?)
Ta c6
3((t @=k)/(k+1) _ (4 _ ) (2—K)/(k+1) 2
F(m) = ((t+m) (t —m) ), m
(t 4+ m)3/ 1) (¢ — )3/ (1) 4 e3/(R+1) T 42 4 2fc — m?2
3(a(2R)/ (k1) _ p(2=k)/ (k1)) a—b

T g3/ (k+1) 4 p3/(k+1) 3/ (k+1) + ab + bc + ca
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Ta sé ching minh f'(m) > 0, dit a = 21 b = y*t! ¢ = 21 (z > y > 2 > 0), ta phai ching
minh
xk72yk72(mk+1 _ yk+1) B 3(%1672 _ yk—Q) -0
(L-k+1yk+1 + yk+lzk+l + Zk’+1xk’+1 £C3 + y3 + 23 -

D& thay ring do x > y vi k > 2 nen "1 — yh+l > EELS(pk=2 _ yk=2) ‘nhy thé ta can ching
minh
PR 4B 4 2B) > 3R gL PR Rk

/ 2k k+1, k+1 k+1 _k+1 ¢ 1 k-2, k+4 k 1 k—2 k—2 k+1_3
- — — 7 - — >

Nhu thé, néu %rk_Zyk""‘l > gFtlzR L thi do z > y va % > 2 nén bat ding thic ding.
Xét truong hop nguge lai, FELgh=2yktd < gl bl quy ra o > /KLy > /4y, khi d6 ta c6

Pl — kL > 693 (2572 — y#~2), vay nén ta can ching minh
2E =2y ML (8 4y 4 23) > (LR PR Rk

Hay
mchrl(,LUIﬁLl o Zk+1) 4 2xk72yk+4 4 (2xk72 _ Zk72)yk+1z3 Z 0 (dﬁng)

Vay ta luon c6 f/(m) > 0, va nhu vay, ta chi can xét bat déng thiic da cho trong truong hgp
a=b > cladu, tic la ta phai ching minh

(263 1) 3/ RHDYRHL > 9k (4 4 26)(2a + ¢)

(2)1/(1@“)
a

Dat v = < 1, ta can ching minh

(u® 4 2)F*1 > ok

90) = G 1o T 4 1)

C6 thé dé dang kiém tra dugc bat ding thitc trén. Vay ta c6 dpcm.
(VVV
59 Cho cic sb khong am a,b,c chiing minh bt ddng thic
a? + be \/ b2 + ca \/ 2+ ab
> V6
\/b2+bc+62 + c? + ca + a? * a?+ab+ 02— V6

Lyi gidi. St dung bat déng thitc Holder, ta cé

2

a2 + be ) < 9 919 ) s e ,
dVE e e > (a® +be)* (b + be+ c?) | > (a® + 7 + ¢ + ab + be + ca)
(Cyc b +bc+c

cyc

Ta can chiing minh

(a® +b* + ¢* 4+ ab + be + ca)® > 62((12 + be)*(b% 4 be + %)

cyc

Hay

(a®>+b*+c2+ab+betca)® > 12 Z a’b*(a*+b?)+6 Z a®b*+6 Z a’be4-12 Z a*b?c(a+b)+36a2b*c?

cyc cyc cyc cyc
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Khoéng méat tinh téng quét, gid st a+b+c =1, dat ab+bc+ca = 1_3‘12,1" =abcthitac61>¢g>0

VA 7 > max {O, %}, bét ding thic tré thanh

10

8 47%q2+7<0

17
—2(4¢° +5)r + —¢% — =
U5t 74— 27 =
Néu 2¢ > 1 thi ta c6 ;—;qﬁ — %q4 — 29—0(]2 + é—g < 0 nén bat ding thiic hién nhién ding, néu 2¢ < 1

thi ta co

2 17 8 20 10
VT < ———(4¢* +5)(1 -2 D2+ ¢ — ~¢*" = =+ =
S —5- (4 +5)(1=20) (g +1)" + 5o¢" — gd" — 50+ o
1
= 2—7(]2(17(]4 +16¢> +20g — 38) <0

Bat ding thitc dude chitng minh xong. Pang thitc xay ra khi va chi khi a = b = c.

QOO

60 Chitng minh ring vdéi moi z,y € [0,1], ta cé

1 1 1
>14+
x2—x+1+y2—y+1* +x2y2—zy+1

Loi gidi. Bat ding thic tuong duong véi

1 1 1 1
- (1= < -
( $2—$+1>( y2—y+1)_(12—w+1)(y2—y+1) 2y —xy 41

Hay
wy(l—z)(1-y)  _ 1—2)(1-y)(z+y)

(2 —z+ 1)y —y+1) = (22 -2+ 1)(y2 —y+ 1)(z%y? -2y + 1)
T4y > ay(a’y? —zy +1)

Do z,y <1mnén 22y? —zy+1 < 1, do d6
v+y—ay@®y —ay+ ) >a+y—ay=a1-y)+y>0

Bat ding thiic duge chitng minh xong.
VIV

61 Cho cdc sé duong a,b,c, ching minh bat ddang thic

a . [ b n c >i ab + be + ca
a+b b+c c+a V2 a? +b% + 2

Loi gidi. Trude hét ta chitng minh ring

3(a? + b2 + c2) >22 a?
a+b+c Cyca—l—c

That vay, ta co

2 4 12 2 12
a2 12 2 a>+b" 5 9 o c(a® +0%)
(VI - VP)a+b+c)=3(a+0b +c)—(a+b+c)§ praialc +b +c—§ P

cyc cyc

B ab(a — b)?
“Laranrg 2
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St dung bat ding thic nay v bat ding thic Holder, ta cé

A o) (ZF) ( ala+ b)a + >>
e (e

2(a+b+c)*

Ta can chiing minh
4(a+ b+ c)® > 27(ab + be + ca) Za(a +b)(a+c)

o
Khong mét tinh tdng quat, gia st a + b+ ¢ = 1, dit ab + be + ca = %,r =abc (1 > q > 0), thé
thi ta c6 r < 1207020 bag ding thite trg thanh

4> (1-¢*)(6¢>+3+27r)
Ta c6
4—(1=¢*) (60" +3+27r) > 4~ (1-¢*)(6¢> + 3+ (1 —9)*(1+29)) = ¢*(2¢> +2¢° + (¢ = 1)*) > 0

Bat ding thitc duge chitng minh xong. Dang thitc x4y ra khi va chi khi a = b = c.

VAV

62 Ching minh ring vdi moi a,b,c > 0, ta cé bat ddng thic

a*(b+c) b(c+ a) N A(a+b) S 2
O +cA)(2a+b+c) (2+a?)2b+c+a) (a2+02)(2c+a+b) — 3

Loi gidi. St dung bat ding thic Cauchy Schwarz, ta c6

a?(b+c) a?(? +cA)(2a+b+c) 9 9 9.9
(Z(b2+02)(2a+b+c)> (Z b+c >2(a +b7+ )

cyc cyc

Do dé, ta can chitng minh

2
2
>QZ b+C (a+b+c)

3(a® + b?
(a® + V% 4+ ?) b e

cyc

3 at+2) " a%? >4Z 22:60

cyc cyc

(- ) S (e - ) 20

cyc cyc

b(a —b) — ca®(c — a) a?(B? +A)(b+c—a)
>
32 b+c +Z b+c 20

cyc cyc

>0
b+c -

ab(a — b)?(a® + b2 + ab + be + ca) a2 +A)(b+c—a)
32 (ato)b+o) 2

cyc cyc



Khoéng mét tinh téng quat, gia st a > b > ¢ > 0. Khi d6, ta c6

2ab(a — b)?(a® + b2 +ab+bc+ca) a2 +c32)(b—a)  b*(a®+c*)(a—Db)

V=2 @+ )b+o) b+ e ate
~ (a—0b)*(2ab(a® + b? + ab + be + ca) — (a®b? 4 (a® + b? + ab)c? + (a + b)c?))
N (a+c)(b+c)
N (a — b)2(2ab(a® + b% + ab + be + ca) — (a?b? + (a® + b? + ab)ab + (a + b)abe))
- (a+c)b+c)

_ab(a — b)*(a® 4+ b* 4 ac + be) >0
B (a+c)(b+¢c) -

Bat ding thiic duge chiing minh xong. Dang thitc xay ra khi va chi khi (a,b,¢) ~ (1,1,0).

Q00
63 Cho cdc sé duong a,b,c, ching minh rdng vdi moi k > 2, ta c¢é bat ding thic
a+b+c > ,\g/a—&—c n </0+b n ,\C/b—l—a
Jabe b+c¢ a+b c+a
Lyi gidi. Sit dung bat déng thitc Holder, ta cé

g
eja+c k_q a+c
< 32
(Czy;\/bJrc) - Z b+ c

cyc

Mit khac, theo bat ding thitc AM-GM thi

a+c . a—+c a—+c %71 a-+c
<§k\/ b+c> <§k\/ b+c> <§kb+c> =3 ;kb+c
a—+c a—+c

2\ s 2T

chca > Z jatc
v abe - b+c

St dung bat déng thitc Cauchy Schwarz, ta dugc

(2V55) = () (57

cyc cyc cyc

Suy ra

Do d6, ta chi can ching minh

Nhu vay, ta chi can ching minh

at+b+c 2 n 2 n 2
Va2b2¢2 " a+b b+c cHa

Hay
(a+b+c)a+b)(b+c)c+a)>2Va2b2c2(a® + b + ¢ + 3ab + 3bc + 3ca)

St dung bat ding thitc AM-GM, ta cé

ab + be + ca > 3V a?b?c?, (a+b+c)(ab+ be+ ca) > 9abe
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Suy ra
(a+b)(b+c)(c+a)=(a+b+c)(ab+ bc+ ca) — abe
> %(a+b+c)(ab+bc+ca)
> 2\/3 a?b?c2(a+b+c)
Do dé

8
(a+b+c)a+b)(b+c)(c+a)> g\/3 a2b2c2(a + b+ c)?
Nhu vay, ta chi can chiing minh
4
g(a—i—b—&—c)Q > a? + b + ¢* + 3ab + 3bc + 3ca

Hay
(a4 b+ ¢)* > 3(ab+ be + ca) (ding theo AM-GM)

Vay bat ding thiic can chitng minh ding. Ding thic xay ra khi va chi khia =b = c.

VAV

64 Cho cic sb khong am a,b, ¢, ching minh bit dding thitc

5 a+3/b+s c>2 abc ‘1
b+c cta a+b~ (a+b)(b+c)(c+a)

Loi gidi. Tru6e hét, ta chitng minh

Ve Vet r/amee 2\/<a+b><baicc><c+a> o

That vay, bat diing thic tuong duong

Z\/a(aer)(aJrc) >2y/(a+b+ c)(ab+ be + ca)

cyc

(Z Vva(a +b)(a+c)) >4(a+b+c)(ab+ be+ ca)

cyc
Za?’ + 22(@ +0b)vabla+c)(b+c) > SZab(a +b) + 9abe
cyc cyc cyc
St dung cac bat ddng thitc AM-GM, Cauchy Schwarz va Schur, ta c6

VTZZ@3+QZ(a+b) (ab+0\/%) :Za3+22ab(a+b)+2\/@z\/5(a+b)

cyc cyc cyc cyc cyc

> Za3+22ab(a+b)+12abc: (Za3+3abc> +22ab(a+b)+9abc

cyc cyc cyc cyc

>3 ab(a+b) + 9abe

cyc
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Tiép theo, ta sé chiing minh
7 a2/3
>
b+c =\ b2/3 4 ¢2/3

3

That vay, bat diing thic tuong duong

a® a?

>
(b+(})2 = (b2/3 +C2/3)3

Hay
(b2/3 + 02/3)3 > (b+0)2

362323 (0¥ + */3) > 2be (dung)

a2/3
Z\/ Z T T
a2/3 a2/3b2/302/3
; p2/3 + 02/3 (a2/3 + b2/3)(b2/3 + c2/3)(02/3+a2/3)+1

a2/3b2/3¢2/3
Z \/ b—l—c (a2/3 + b2/3) (0213 + 2/3)(2/3 + a2/3) +1

cyc

Tir bat déng thic nay, suy ra

Theo trén thi

Suy ra

Do dé, ta chi can chitng minh

a2/3b2/3¢2/3 abe
273 & 52/3) (12 2/3)( 2 s T2 +1
(a2/3 4 b2/3)(b2/3 + c2/3)(c2/3 + a?2/3) (@a+b)(b+c)(c+a)

(a+b)(b+c)(c+ a) > a3t /3c 3 (a3 4 b¥/3) (0¥ 4 ¥/3)(¥? + a?/3)
(@® +9°) (1 + 2°) (2% + 27) > 2y2(a® +9°) (v + 22)(2° + 27)

trong d6 & = al/3,y = b1/3 2 = (/3.

Bét dfing thiic nay chinh 1a hé qui ciia cic bat diing thiic hién nhien sau
1
T +y > 2xy, xz—my+y22§(x2+y2) Vz,y >0

Vay ta c6 dpem. Dang thitc x4y ra khi va chi khi (a, b, c) ~ (1,1,0).

(VA

65 Cho cdc sb thuc a,b,c,d théa a® + b* + 2 + d? = 4, ching minh bét ddng thic

9(a+b+c+d) <4dabed+ 32

Loi gidi. D& dang kiém tra duge max{abc, bed, cda, dab} < 9, do d6 néu ton tai 1 trong 4 s6 a,b,c,d

10
khoéng 16n hon 0, chdng han d < 0, ta c6

9(a+btctd)—dabed = 9(a+b+c)+d(9—4abe) < 9(at+b+c) < 9v/3(a? + b2 + 2 +d2) = 18V/3 < 32
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CHUONG 2. SOLUTION

Nhu vay, ta chi con phai xét bat déng thitc trong truong hop a, b, ¢, d > 0. Khong mét tinh tdng
quét, gid st d = min{a,b,c,d}, suy ra 1 > d > 0, dat P(a,b,c,d) = VT —VPx = \/% VA
p=a-+b+c, thé thita cé 2v/3 > 3z > p > /3, ta sé chiing minh P(a,b,c,d) < P(z,z,x,d), that
vay bat ding thic tuong duong

9(3z — p) > 4d(z>® — abc)
Tit bat déng thitc Schur bac 4 D eye a%(a—b)(a—c) > 0, ta suy ra dugc abc > W, nhu

vay, ta chi can ching minh

9(31 _p) > 4d <£E3 _ (p2 — 6'732)(]72 + 3%2)>

12p

Hay

3 2 2 3
(32— p) (27_d(p +3p x;pr + 6z )) >0

Chu y réng 3z > p > zv/3 nén

B 3d(p® + 3p*x + 6pa? + 623)
p

81 > 81 — 782%d = 81 — 26d(4 — d*) =3 +26(1 —d)(3—d —d*) > 0

Nhu vay bat déng thiic ding va ta con phai chiing minh

9(3z 4 d) — 4a3d < 32

Hay
(9 — 42)\/4 — 322 = d(9 — 42®) < 32 — 27x
32 —27x
z) = >1
f@) (9 —423)V4 — 322 —
Ta c6

) 12(z — 1)(812* — 472% — 11922 + 9z + 81)
z) = - -

(9 — 423)2(4 — 322)3/2
Suy ra f(z) la ham dong bién, do dé f(x) > f(1) = 1, vay ta c6 dpcm. Ding thiic x4y ra khi va
chikhia=b=c=d=1.

>0

AV

66 Cho cic s6 khong am a,b,c, ching minh bit dding thic

a? + 256bc \/ b2 + 256¢a \/ 2 + 256ab
> 12
\/ b2 + ¢2 * c? 4 a? * a?+v> =

Loi gidi. Khong mét tinh tdng quat, gid st @ > b > ¢ > 0, xét cac trudng hop sau

Trudng hgp 1. 256b% < a’c, suy ra a® > 256b%, do d6

a? + 256bc \/b2 + be
— >16 >16 > 12
\/ b2 +c¢2 — b2 +c2 —

Trudng hgp 2. 256b% > a’c, khi d6 ta co6

a? +256bc _ a® N (25603 — a?c) - a b2 +256ca b2 c(256a% — b2c) _ b
b24c2 b2 b2(b2 4 c2) =

a b [ ab a? + b2 ab 3

Bat ding thiic duge chiing minh xong. Ding thitc xay ra khi va chi khi (a,b,c) ~ (2 +3,1, 0) .
(VA

b2’ 2+ a2 a2 a?(a?+c?) ~ a?

Do do6




7

67 Cho cdc s6 duong x,y,z cé tich bing 1, ching minh ring

e
yi+2 24+ 2 2t +27

Léi gidi. Do x,y,z > 0,zyz = 1 nén ton tai cac s6 duong a,b, ¢ sao cho z = ¢,y = £,z = 2 khi d6 bat

déng thic tré thanh
5
a
_ >
Z b(c4 + 2@4) -
cyc
St dung bat ding thiic Cauchy Schwarz, ta cé

_— (a® + b + ¢3)?
~ 2(adb + bPc + cPa) + abe(a® 4 b3 + ¢3)

Ta can chitng minh

(@ + 03+ )2 > 2(a®b + b°c + Pa) + abe(a® + b® + )

Hay
(a® 4+ 1% 4 )2 — (ab + be + ca)(a* +b* + ¢*) > Zasb — Zab5
cyc cyc
2
2 (Za3> — (Za2> <Za4> + (Za4) (22@2 — 2Zab> >2 (Zasb — Zab5>
cyc cyc cyc cyc cyc cyc cyc cyc

Z(a4 + bt 4 ¢t —2a%0%) (a — b)? > 2(a — b)(b—c)(a—c)((a+ b+ c)(a® + b* + ?) + abe)

cyc

Tt day, khong mét tinh téng quat, ta chican xét a > b > cladi. Data = ay+t,b = by +t,c = ¢+t
v6i t > —cq, x6t ham sb

F) = ((ar + 0"+ (b1 + )" + (1 +1)* = 2(a1 +1)° (b1 +1)*)(a — )

+2]J(a—0) <<Z(a1 + t)) (Z(al + t)2> + (a1 4+ t)(by +t)(c1 + t)>

Ta c6

PO =4 (@ +1)°+ (b +6)° + (e + 1) = (a1 + (b + ) = (a1 + ) (b1 +1)*)(a — )

2
+2]J(a=b) |3 (a1 +1)*+2 (Z(al +t)) + (ar+t)(by+1)
@) = 42(2(@1 + )24+ 2(by + )% +3(c1 +1)* — 4(ay +t)(by +1))(a — b)?
+24[J@=1)> (a1 +1)
= 42(2@2 + 202 + 3¢? — 4ab)(a — b)* — 24(a — b)(b—c)(a —c)(a + b+ c)

=2 (20 — 26° + 5bc — 3ca — 2ab)* + 6 Y *(a—b)* >0

cyc cyc
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Suy ra f’(t) 1a ham dong bién, do d6
') > f(—c1) = 2(4a® — 11aty + 623y> + 62%y> — 2y? +49°) > 0
trong dé x = a1 — ¢1,y = by — ¢1. Nhu vay f(¢) 1a ham dong bién, suy ra
ft)> f(—c1) =25 =225y + 223 + 4 >0
Bét diing thic dugce chitng minh xong. Déng thitc xay ra khi va chi khi z =y = 2z = 1.

(V)
68 Chiing minh rdng vdi moi s6 duong a,b,c,d ta ¢ bat dding thic
1 n 1 n 1 n 1 1 n 1 n 1 n 1 - 16
a b ¢ d a+b b+c c+d d+a)  abed+1
Lyi gidi. St dung bat déng thic AM-GM, ta c6

VT — iJri n a+b n c+d n a+0b n a+b c+d c+d
~\ab  cd abc+d)  cd(a+Db) ab(d+a) ablb+¢)  cdb+c)  cd(d+a)

S 4 n a+b n a+b . c+d c+d
~ Vabed ab(d+a)  ab(b+c)  cdb+c¢)  cd(d+a)

Tuong tu, ta co

4 b+c b+c a+d a+d
T>
vz abcd+bc(a+b) be(c+d)  ad(a+b)  ad(c+d)
Do do
8 a+b a+d a+b b+c
2VT >
VT2 Joaa (ab(d+a) + ad(a+b)> + (ab(b+c) * bc(a+b))
c+d b+c c+d a+d
+(cd(b+c)+bc(c+d)>+<cd(d+a)+ad(c+d)>
> 8 n 2 + 2 + 2 n 2
~ Vabed  avbd  bJ/eca  cvbd  dyca
8 2 <1 1) 2 (1 1> 16
= ==+ +—=(z+=])2
vabed \/@ a ¢ \/(E b d vabed
Suy ra

16
>
abed — abed + 1

VT >
Vay ta c6 dpem. Déng thiic xay ra khi vichikhia=b=c=d = 1.
(V)

69 Cho cdic sé duong a,b,c,d théa a® + b* + ¢ + d? = 4, ching minh bit ddng thite

) 1 1 1 1
a C

b d
Loi gidi. St dung két qua bai toan 65, ta co

9(a+b+c+d) < 4abed + 32
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Mat khac, theo bat ding thic AM-GM thi

bed < 1 1+1+1+1> 4
abc B g
- a b c d ~ Yabed
Nhu vay, ta can chiing minh
4zt +1
2@t 1 8) < 9¢/ A Y

véi z = Vabed < 1.
Hay
x(z*+8)% 729

@)= 441 ST

Ta ¢6 f'(x) = (z4+8)2(;2i51_)§114+8) > 0, suy ra f(z) la ham dong bién, do d6 f(z) < f(1) = 2.
Bét dfing thic dugce chitng minh xong. Déng thitc xay ra khi va chikhia=b=c=d = 1.

AV

70 Cho cdc s6 duong ay,as,...,a, théa ajas---a, = 1. Khi dé, véi moi k € R, ta cé

1 n 1 n n 1 > m {1 n }
coo 4 ———— >min< 1, —
(1 +a1)’“ (1+0,2)k (1+an)k - Qk

Loi gidi. Nhan xét ring ta chi can chimg minh trong trudng hgp k¥ > 0 1a di. Dat f(t) = W Goi
M 13 trung binh nhan ctia aq,as, . .., a,. Khi d6, bat déng thic can chitng minh tuong duong véi

flar) + flaz) + -+ fan) = min{nf(M),1}

Ta ¢6 B dé sau
Bé6 dé. Néu 0 < a<b<c<dvaad=bcthi

fa) + f(d) = min {f(b) + f(c), 1}

That vay, dat m = Vad = Vbe va g(t) = f(mt) + f (2) = (mt +1)7F + (2 + 1)_1C v6i moi ¢ > 0.
Lai dat ¢t; = £ty = % thi t5 > ¢; > 1. Ta can chitng minh

g(t2) > min {g(t1), 1}

Xét tinh don diéu ctia g trén [1,400), ta c6

g'() = mk (l (@ * 1) R (mt + 1)*’6*1)

2\t
1 —k—1
I >0 (?—kl) > (mt+ 1)+

2 1k

h(t) = t+1 —mt +mtT5k —1 <0

Lai c6
()= 2 ¢ s
h(t)fk+1t+ m+1+kmt +
201 — k), _sk41
B'(t) = —— 2t~ % (t —mk
) (k+1)2 T (8 = mk)

M1y =0, K1) = %
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CHUONG 2. SOLUTION

Tuy thudc vao céc gia tri cia m va k, xét cac truong hgp sau

(M k=1m<1,tacoh(t)=1-m)(t—1)>0Vt>1,dod6 h >0 tren (1,400).

(5) k=1,m>1,tacé h(t)=(1—m)(t—1) <0Vt >1,dodé h <0 trén (1,+00).

(iii) k <1,m < 4, khi d6, ta c6 B’ >0Vt > 1, vi ¥'(1) > 0 nén A’ > 0 trén (1,400). Vi k(1) =0
va h lién tuc nén h > 0 trén (1, +00).

(iv) k < 1,m > ¢, khi d6, ta c6 h/(1) < 0 va h” < 0Vt € (1,mk), suy ra B’ < 0Vt € (1,mk). Vi
h(1) = 0 va h lién tuc nén h < 0 V¢t € (1, mk]. Trén (mk,+00), ta c6 h” > 0, tic h 1a ham 16m
trén (mk, +00). Ta lai c6 h(mk) < 0 va , lig_n h(t) = +oco nén ton tai duy nhat p > 1 sao cho h < 0
vt € (1,p) va h > 0Vt € (p, +00).

(v) k>1,m < ¢, khi d6, ta c6 B’ < 0Vt > 1, tidc h la ham 16i trén (1,400). Do h la ham lien tuc

nén h(t) > min {h(l),t lir_gl h(t)} =0Vt>1.

(vi) k > 1,m > ¢, khi d6, ta c6 K > 0 Vt € (1,mk), tic h la ham 1om trén (1,mk) va h” < 0
Vt € (mk,+00), tic h 1a ham 16i trén (mk, +o00). Néu h(mk) < 0 thi do k(1) = 0 va h lién tuc
nén h < 0Vt € (1,mk], lai do fligl h(t) = 400 nén ton tai duy nhat u > mk sao cho h < 0
[— 100
Vi € (mk,u) va h > 0 Vt € (u,+00). Néu h(mk) > 0 thi do h 1a ham 16i trén (mk,+oo) nén
h(t) > min {h(mk),t 1121 h(t)} > 0Vt > mk, do h 1a ham 16m trén (1,mk) va h(1) = 0 nén ton
— 100
tai v € [1,mk] sao cho h <0Vt € (1,v] va h > 0Vt € [v, mk].
Tt cac truong hgp ndi trén
+, Néu h(tz) > 0 thi h > 0Vt € (t2,+00), titc 1a g’ < 0. Suy ra, g 12 ham khong tang trén [t2, +00).
Do dé
g(t2) > lim g(t) =1

— 400
+, Néu h(te) < 0 thi h <0Vt € (1,t2), titc la ¢’ > 0. Suy ra, g 1a ham khong gidm trén (1,¢2). Do
dé
g(t2) > g(t1)

Vay, ta co
g(t2) > min{g(t1), 1}
B dé dugc chitng minh hoan toan.
Tré lai bai todn clia ta, ta sé chitng minh bing quy nap theo n. Trudng hgp n = 1,n = 2 thi bat

déng thiic hién nhién ding. Gia sit bat ding thitc ding cho s6 bién bé hon n (n > 3). Ta sé ching
minh minh né cling ding cho s6 bién bang n. Ta can chitng minh

flay) + flaz) + -+ + f(an) = min{nf(M),1}

Dé thay riang trong day ai,as,...,a, ludn ton tai it nhit mot sé6 khong 16n hon M va it nhat
mot s6 khong nhé hon M. Khong méat tinh téng quat, ta c6 thé gid st a; < M < ao. Ky hieu
r1 = min {M, “}\22} VA Tg = max{M7 %} Khi dé6, ta ¢6 a1 < 1 < z9 < ap VA 2122 = ajas, do

dé sit dung Bd dé tren, ta co

Flar) + f(az) = min {f(x) + f(z2), 1} = min { 70) + 7 (57) .1

Chu y rang 492, ag, a4, .. .,a, cing c6 trung binh nhan 1a M va s6 bién la n — 1 < n nén theo gia

thiét quy nap, ta c6
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Do do6

a1a2

if(az)zmin{f( )+ £ (57) 1)+ fla) + -+ f(an)

a1a2
M

> min{f(M)+f( >+f(a3)+"'+f(an)71} > min{nf(M),1}

Vay bat déing thiic trén cling ding cho sb bién biing n. Theo nguyén 1y quy nap, ta suy ra né ding
v6i moi n. Bai toan dugc giai quyét hoan toan.

QOO

71 Cho a,b,c la cdc $6 duong, chiing minh ring

9 b9 9 2
1.a—+—+c—+ >a®+ b0+ 42
be ab ' abe
a? b d
2. 3
be ab " abe e+

Lyi gidi. (1) Sit dung bat déng thic AM-GM, ta cé

a’ b &
—+abc22a5, — + abc > 2b5, = +abc > 2c°
be ca ab
Suy ra
PR CI .
b—+—+—b > 2(a® +b° + ) — 3abe > a® +b° + ¢© + 3VaPb5c5 — 3abe
c

Do dé dé ching minh bat déng thitc da cho, ta chi can chting minh

2
3vadbdch — 3abe + e > 2
abe

Hay
2
5 3
3t — 3t %-gg >2
véi t = Vabe > 0.

(t — 1)%(3t5 + 6t° + 6t* + 63 + 612 + 4t + 2)
3

> 0 (ding)

Vay bat ding thiic can chitng minh ding. Ding thic xay ra khi va chi khia =b=c= 1.
(2) Tuong tu nhu trén, 4p dung bat déng thitc AM-GM, ta ciing c6

a® b° c
—+abc+a223a4, —+abc+b223b4, — +abc+ > 3¢t
be ca ab
Suy ra
PR CIC
e ——|——b>3(a + bt 4 ) — (a® + b + ) — 3abe
Lai 4p dung bat ding thic AM-GM, ta c6
1,4 2 1.4 2 1 4 2

Suy ra

1
§(a4+b4+c4)2a2+b2+02—7
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Do dé tit trén, ta dugc

a® b & 5 3
— 4= > (a*+ b+t — 3abe — = >
bc  ca ab_2(a +bT+ ) ave 2=

N ©

Vatbtet + (a* 4+ b* + ¢*) — 3abe — g

Nhu vay, dé chitng minh bat diing thiic da cho, ta chi can chitng minh

. 3 3
O Yatbheh —3abe— 2 + 5 >3

2 2 abc

oy 9 3.9

A A

@2 3 +t3—2

v6i t = vabe > 0.

g(t — D)2(t 4+ 1)(3t* + 3 + 4¢> + 2t +2) > 0 (ding)

Vay bat ding thiic can chitng minh ding. Ding thic xay ra khi va chi khia =b=c= 1.

AV

72 Cho x,y,z,t la cdc s6 duong théa xyzt = 1, ching minh ring

1 1 1 1
+ + + <1
zy+yz+ze+1 yz4+zt+ty+1 zt+tr+zz+1 tx+ay+yt+1

Loi gidi. Data = 1,b = jc: 1 d =1, thitacéa,bc,d> 0 vaabed = 1. Bat déng thiic can ching
minh tré thanh
1 1 1
alb+c+d)+1 + blc+d+a)+1 +c(d+a+b)+1 +d(a+b+c)+1 =1

Khoéng mét tinh téng quét, ta cé thé gid st a > b > ¢ > d > 0, thi ed < 1. Khi d6, theo bat ding
thic AM-GM, ta ¢6

1 1 1 1
+ < +
cldtatb) 1 dlatbr+17 ¢ (d+2vab) +1  d(2vab+c)+1

Mat khéc
1 N 1 B (a+b)(c+d) +2(ab+ 1)
alb+c+d)+1 blc+d+a)+1 (a+b)(c+d)(ab+ 1)+ ablc+ d)? + (ab+ 1)2
B m+ 2(ab+ 1) — f(m)

~ m(ab+ 1) + ab(c + d)2 + (ab + 1)2
trong d6 m = (a + b)(c + d) > 2vab(c +d) > 0. Ta c6

ab(c? +d? + cd — ab — 2)

f(m) = (m(ab+ 1)+ ab(c+ d)% + (ab+ 1)2)2 =0
Do d6 f(m) la ham ngich bién, suy ra
2
< fl2Vab(c+d)) =
flm < 1 (2Vabte + ) Vab (c+d+ Vab) +1

Dit A = Vab, thita c6 A>1vh A%ecd = 1. Do d6

- 2 N 1 N 1
T Alc+d+A)+1 c(d+24)+1  d(2A+c)+1
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Nhu vay, dé ching minh bt ding thic da cho, ta chi cin ching minh

2 1
<1
Alc+d+A)+1 Jrc(d+2A)+1 +d(2A+c)+1 -

Dat p = A(c+d), khi d6 sau mot vai tinh toan don gian (véi chi ¥ ring A%cd = 1), ta c6 bat déng
thic trén tuong duong véi

2¢dp® + (ed — 1)?p+ 3A4% — 2d* — 3cd — 7> 0
Hay
2A%cd(c +d)? + A(c+d)(cd — 1)* + 3A% — 2d®> —3cd — 7 >0
20c+d)* + A(c+d)(cd — 1)? +3A% — *d® —3cd — 7> 0
2(c—d)? + A(c+d)(cd — 1)? +3A% — *d* + 5cd — 7> 0
2(c —d)? + A(c+d)(cd — 1)® + % —Pd* +5¢d—T7>0
c
—1)2(3 —
(ed —1)*(3 — cd) -
cd -
BAt déng thitc nay hién nhién ding vi cd < 1. Vay bat ding thic can chitng minh ding. Dang thrc
xdy ra khi va chi khia=b=c=d=1.

2(c—d)? + Alc+ d)(ed — 1)* + 0

Q00
73 Chatng minh ring vdi moi x,y, z,t > 0 th
(z+y)(x+2)(@+t)(y+2)(y+t)(z+1t) > dayzt(z +y+ 2 + 1)
Loi gidi. Dat a=1,b= %, c=1,d=1 thitacéa,b,c,d>0. Khids, bat déng thiic trén trd thanh
(a+b)(a+c)a+d)(b+c)(b+d)(c+d) > 4(abe + abd + acd + bed)?

Stt dung bat déng thitc Cauchy Schwarz, ta c6

2
(abc + abd + acd + bed)? = (ﬁ-bﬁ+m~a\/@+\/ﬁ~c@+\/§-d\/@)

< (ac + bd + ad + be) (ab®c + a*bd + ac®d + bed?)
(a+b)(c+ d)(ab*c + a*bd + ac*d + bed?)

(abc + abd + acd + bed)? = (\/Ea\/%Jr\/@-b\/EJr \/ﬁ~d\/&+\/@-¢:\/@)2
< (be + ad + ac + bd) (a*be + ab*d + acd? + bc2d)
= (a + b)(c+ d)(a®bc + ab*d + acd® + bc*d)
Cong 2 bat ding thiic trén vé véi vé, ta duge
2(abc + abd + acd + bed)? < (a + b)?(c + d)?(ab + cd)

Tuong tu, ta co
2(abc + abd 4 acd + bed)? < (a + ¢)?(b + d)?(ac + bd)

2(abc + abd + acd + bed)* < (a + d)? (b + ¢)?(ad + be)
Do dé

8(abc + abd + acd + bed)® < (a+b)?(a+c)?(a+d)* (b4 ¢)?(b+d)?(c 4 d)*(ab + cd) (ac+ bd)(ad + be)
Nhu vay, ta chi can chiing minh

(a+Db)(a+c)la+d)(b+c)(b+d)(c+d) > 8(ab+ cd)(ac + bd)(ad + be)
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Stt dung bat ding thic AM-GM, ta c6
4(ab + cd)(ac + bd) < (ab+ cd + ac + bd)?* = (a + d)*(b + ¢)?
Tuong tu
4(ac + bd)(ad + be) < (a +b)?(c + d)?, 4(ab + cd)(ad + be) < (a+c)?(b+ d)?
Suy ra
43(ab 4+ cd)*(ac + bd)?(ad + be)? < (a4 b)%*(a + ¢)*(a + d)*(b+ ¢)*(b+ d)*(c + d)?

Hay
(a+b)(a+c)(a+d)(b+c)(b+d)(c+d) > 8(ab+ cd)(ac + bd)(ad + be)

Vay bat ding thiic can ching minh ding. Ding thitc xay ra khi va chi khi . =y = z = ¢.

(V)
74 Chiing minh rdng vdi moi s6 duong ai,as, . .., an théa aias ---ay =1 ta cé bat ddng thic
VA +1+y/a3+1++ya2+1<V2(a +az+ +ay)
Loi gidi. Xeét ham 56 f(2) = Va? + 120+ (V2= L) Inz v6i 2 > 0. Ta o

(- 1) (—21’2 to—1-222/2 1 1))
z/2(z? +1) (V222 + V22 + 1)

flz)=0sz=1

f'(z) =

Qua 1 thi f’(x) déi dau tit duong sang am nén

fl@)<f(1)=0  Ve>0

Hay
1
\/x2+1§\/§x—<\[——)lnx Vo >0
V2
St dung bat ding thic nay cho n s6 aj,as, ..., a, roi cong lai, ta dugce
n n 1 n
a2 +1<V2 a~—(\[——) Ina;
n 1 n
= ﬂzai - (\[ - 7) In(araz - an) = ﬁzai

i=1 2 i=1

Vay bat déng thitc can chiing minh ding. Dang thitc x4y ra khi va chi khia; =as = --- = a, = 1.

MV

75 Chiing minh ring vdi moi s6 duong a,b, ¢ ta cé bat dang thic

a+\/%+\3/abc<§/ a+b a+b+c
Tryemr vern a- TP E
3 - 2 3
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Léi gidi. Dat a = 25,0 = 4% c = 2% (2,9, 2 > 0). Ta c6 bat ddng thiic can chiing minh twong duong véi

(! 4y’ + 72 < S0+ )@+ +20)

N ©

Stt dung bat déng thitc Holder, ta cé
(x4+xy3+y2z2)3 — (.1’2 .12 . 1+xy-y2 . 1+y2 '22 . 1)3 < 3($6+x3y3 +yﬁ)(xﬁ+y6+z6)
Mit khac, theo bat ding thitc AM-GM thi

26 + 48
2

Suy ra

| ©

3
(x4+xy3+y2z2) §3(x6+m3y3+y6)(x6+y6+26) § ($6+y6)(1‘6+y6+26)

Bét ding thic dugce chitng minh xong. Ding thitc xay ra khi va chi khia=b = c.
(V)
76 Cho cdic sé khong am a,b, ¢, ching minh bat ddng thic

a? n b3 n e > a2 4 b2 + 2
a c
VB2 —bc+c2 VP —ca+a® Va2 —ab+ 12

Lyi gidi. Sit dung bat déng thitc Cauchy Schwarz, ta c6

Z a3 o (a2+b2—|—02)2
Vb2 —be+c? 3 avb? —be+c?

cyc

Do d6, ta chi can chitng minh

Za\/bQ—bc+c2 <a?+b:+3

cyc

Lai sit dung bat déng thitc Cauchy Schwarz, ta dugc

(gpmf < (Za) (Za(bQ - bc+c2)>

cyc cyc cyc

Nhu vay, ta chi can chiing minh

(a®> + V% 4 *)? > (Z a) (Z a(b® —be + 02)>

cyc cyc

Hay

Za4+acha > Zab(a2+b2)

cyc cyc cyc

Day chinh la bat diing thiic Schur. Vay bat déng thic can chiing minh ding. Dang thitc xay ra khi
va chi khi (a,b,¢) ~ (1,1,1), hodc (a,b,c) ~ (1,1,0).

Q00
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77 Ching minh rang vdi moi a,b, c khong am

Varvasras Vv | avon
>1
a(~)+6ab+21)2jL b2+6bc+202+ e+ 6ca + 2a%
Loi gidai. Datx:g,yzg,z:%thitacéx,y,szvaxyz:1,khidébétd%ngthﬁ’ctrc"ithénh
Yo
oo V2x? 467 +1
Dox,y,zEO,xyz:1nénténtaicécsémm,pz()saochoxz%7y:@,z:%,b.§td§ng

n
thitc dugce viét lai nhu sau

cyc

2

V/mA + 6m2np + 2n2p?
Stt dung bat ding thic Holder, ta c6
2 (Zm2(m4 +6m2np+n2p2)> > (mZ -|—TL2 +p2)3
cyc
Ta phai chitng minh

(m2+n2 +p2)3 > ZmQ(m4+6m2np+2n2p2)

cyc

32:7714(71—;0)2 >0

cyc

Hay

Bét déng thic nay hién nhién ding. Vay ta cé dpem. Dang thitc x4y ra khi vi chi khia = b = ¢
hozic cdc s6 a,b, ¢ thda £ — 0, £ — 0 va cdc hoan vi.

MV

78 Cho cdc sb khong am a,b,c, ching minh bét ddng thic

/ ab+bc+ca)>7\ﬁ
b+c c+a a+b a?2+b24+c2 T 2

Loi gidi. Khong mat tinh tdng quat, gid sit @ > b > ¢, ta sé chiing minh

b c b+c
+4/ =Y
c+a a+ a

That vay, bat ding thic tuong duong

b b+c
a—i—c a+ a+b

be < be + be
(a+b)(at+c) ~ala+c) ala+b)

2a 2a+b+c
72—
Vbe (a+b)(a+c)
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2(a- Vo) (b o)
Vbe _\/(a+b)(a+c)(\/a+b+\/a+c)2
Ta c6
2 (Vo e . Vb= &) (Vb+ve)
vreves (\/E )‘4<a(+b><3+c>‘(ﬁ‘ﬁ) 5a‘< 4(a+)b)((a+c) L)
Vi

(\/B+¢E)2 <2b+e)<2a+e),  Ve(Vi-ve) <vie<a
Mait khéc, d& thay

ab+bc+ ca > a(b+ ¢, A+ 0+ <a®+(b+c)?

Suy ra
a [b+c 3a(b+c) 3v3
VT > 3 = e
_\/b+c+ a a?+ (b+c)? x+\/x2—2
VOl x = [ 4/ e > 2.
Ta can chiing minh
3
RNy
2 —2 2

Néu z > 77‘/5 thi bat ding thic hién nhién ding, xét trudng hop ngudce lai z < %, khi d6 ta c6

27 W2\ (a—2v3) (194 620 — 2?) %
2-2 \ 2 )7 2(z2 — 2) =T

>0 (dox )

Bét dfing thic dugce chitng minh xong. Déng thitc xay ra khi va chi khi (a,b,c) ~ (3 +2v2,1, 0) .

Nhan xét. Mot cach téng quat, ta c6 két qui sau

a b c ab+ bc+ ca . k
k > b,c, k>
\/;+Vc+a+\/a+b+ a2+b2+c27{tn21r21{m+\/m} vabek =0

Tuy nhién, bing tinh toan thyc té, ta nhan thiy véi k = 3v/3 thi bai toan c6 dap sb dep nhét.

QOO

79 Cho cic s6 khong am a,b, ¢, ching minh bét ding thic

LN b c 16(ab + bc + ca)
b+c c¢c+a a+bd a? + b + 2

Loi gidi. Khong mét tinh tong quat, gia sit a +b+c = 1, dat ab+ bc + ca = =, bat ding thiic tré thanh
3abc+1—2x 162

>
x — abc 1—2:6*8
Ta c6 ( )2
1—2x 16x 6x — 1
VT > = 8>8
-z +1—2x m(1—2:r)+ -

Bét dfing thic dugce chitng minh xong. Ding thitc xay ra khi va chi khi (a, b, c) ~ (2 +4/3,1, 0) .
Q00
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80 Cho cdc sé khong am a,b, ¢, ching minh bat ddng thic

a? + b2 + 2 3/2
=)

3(a® + b + ) + 2abe > 11 (

Loi gidi. Khong mét tinh tdng quat, gia stt a+b+c = 1, diat ¢ = ab+be+ca, r = abe thi ta ¢ % >q >0,

ngoai ra, st dung bat dang thic Schur, ta ciing ¢6 r > max {0, 4‘19_1 }, bat dang thiic trd thanh

3/2
1-2
11r+379q211( ; q)

Néu 1 > 4q, ta cb

3/2
1-2 1
q) >0 (do ~ >q>0)

T—-VP>3-9¢g—11
1% VP>3-9 ( 3 12

Néu 4qg > 1, ta co

12q)3/2_ (1 39)(673g — 107~ 968¢*) _

3 9(16737q+11\/3(172q)3)

Bét ding thiic dugce chitng minh xong. Ding thitc xay ra khi va chi khia=b = c.

1 —
VI —VP> 6937‘1—11(

VAV

81 Cho cdc sb khong am a,b,c,d théa a® + b* + 2 + d? = 1, ching minh bat ding thic

a® b3 c? a3
lfbcd+lfcda+1fdab+lfabc

4
> =
-7

Loi gidi. St dung bat ddng thic Cauchy Schwarz, ta suy ra dude ta chi can chiing minh
7(a® +b* + ¢ + d*)? + 4abed — 4(a® + 0> + 3 +d®) > 0
Khong mat tinh tong quat, gia st d = min{a,b,c} suy ra d < %, dat t = \/‘IQL;“Q, ta sé ching

minh
VT > 7(3t> + d*)? + 43d — 4(3t* + d°)

Hay
7(a® + b5+ = 3t3)(a® + b + ¢ + 2d° + 3t%) > 4(a® + b% + ¢ — 3t%) + 4d(t* — abe)

Tt két qua bai toan trén, ta dé dang suy ra duge 0 < 2(t2 — abc) < 3(a® + b3 + 3 — 3t3), ta can
chiing minh

7(a® + % 4+ ¢ = 3t%)(a® + b° + ¢ + 2d° + 3t%) > 4(a® + b° + ¢* — 3t%) + 6d(a® + b* + ¢* — 3t°)

Hay
7(a® + % 4 ¢ +2d° + 3t%) > 4+ 6d

Theo bat ding thitc Holder, ta cé
3,33, 3, 3 L 3, 3o L
AP Sz o 30 d >

Suy ra
7(a® +0* + ¢ +2d° + 3t%) —4 — 6d > 3(1 — 2d) > 0
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Tiép theo, ta phai chitng minh
7(3t3 + d®)? + 43d — 433 + d®) > 0

Hay
7(3t3 + d3)? + 4¢3d(3t? + d?)
(3t3 + d3)(3t2 + d?)3/2 -
f(z) = 7(x® + 3)2 + da(2? + 3)
(23 +3)(z2 +3)3/2  —
véiz =49 <1.
Ta c6 thé d& dang chiing minh bat diing thiic treén. Ding thitc xay ra khi vichikhia =b=c=d = %

VAV

82 Cho cdc sb khong am a,b,c,d théa a® + b + ¢3 + d® = 1, ching minh bét ddng thic

ad b3 e a3
<
1_l—bcd_‘_l—cda—i_l—alab_‘_l—abc

4
< —
-3
Loi gidi. Ta co

3

Z1jbcdzz"3:1
cyc

cyc

Mat khéc, sit dung bat ding thic AM-GM,

Y <Y e =Y S — ey
3—3bed ~ 4~ 3—(BB+cB+d3) ad+2 ad +2
cyc cyc cyc

cyc

S S
- B+ +A+d>+8 3
Bét ding thic dugc chiing minh xong.
(VA
83 Cho cdc s6 duong a,b,c,d théa a + b+ c+d = 4, ching minh ring
1 1 1

1
_ _ . > 2 b2 2 d2
ab+bc+cd+da_a+ te

Loi gidi. St dung bat ddng thiic AM-GM, ta suy ra dudc véi moi x,y > 0 thi
4
Py < (z+y)
8xy
Sit dung bat déng thitc nay, ta co

(a+0)*  (a+c)'bd - (a+c)*(b+ d)?

2 2
< =
@ s 8ac 8abed T 32abed
Tuwong tu, ta co
b+d)*(a+ c)?
b2+ d? < (b+d)f(ate)
tdts 32abcd

Ta can chitng minh
32(a+c)(b+d) > (a+ )’ (b+d)*((a+¢)® + (b+d)?)

Hay
32> (a+c)(b+d)((a+c)? + (b+d)?)
((a+c)+ (b+ad)* >8(a+c)(b+d)((a+c)+ (b+d)?) (ding)
Vay ta c6 dpem. Déng thiic xdy ra khi vachi khia=b=c=d = 1.

VAV
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84 Cho cdc s6 duong .y, z, tim hdng s6 k lon nhat sao cho
x z
T ik (k1)
y oz x
Loi gidi. Khong mat tinh téng quét, gid sit zyz = 1, khi d6 ton tai a,b,c > Osaochox = %,y = £,z =2,
bat ding thiic tré thanh
a® +b® 4+ ¢ + 3kabe > (k + 1)(ab® + bc? + ca®)

Cho a = 1,b = ¥/2,¢ — 0, ta suy ra dugc k < 3%/1 — 1, ta s& chitng minh day 1a gi4 tri can tim.

That vay, khong mat tinh téng quat, gia sit ¢ = min{a,b,c}, dit a = c+x,b = c+y (z,y > 0),
bing tinh toan don gian, ta c6 bat déng thic tuong duong véi

1 3
3(1———= )@ —zy+y?)e+23+4y° — —x2>0

St dung bat déng thitc AM-GM, ta cé

3 3
3 3 3., Y y 3 9
R S N e
Vay ta c6 dpcm, do do gié tri k phéi tim 1a
3
kmax =— -1
Vi
(V)

85 Cho cic sb khong am a,b,c,d, ching minh bit ding thic

a n / b n c n / d <i
a+b+c b+c+d c+d+a d+a+b~ V3

Lyi gidi. Sit dung bat déng thitc Cauchy Schwarz, ta c6

)

cyc

<Z(a+b+d)(a+c+d)> (Z (a+b+c)(a+b+d)(a+c+d)>

22(a+b+c+d)?+(a+e)(b+d)((a+c)(b+d) + ac+ bd)
(a+b+c)b+c+d)c+d+a)d+a+b)

Ta can chiing minh
8(a+b+e)(b+c+d)(c+d+a)(d+a+b) > 3(2(a+b-+c+d) +(a+c)(b+d))((a+c)(b+d)+ac+bd)

Dat P(a,b,c,d) = VT — VP = f(z) v6i x = bd, rd rang day la 1 ham bac nhét theo z, nén ta phéi

co f(z) > min {f(0)7f <(bzd)2) }

Do d6 P(a,b,c,d) > min{P(a,bJr d,c,0), P (a, %70, %)}, tuong tu, ta co

P(a,b+d,c,0) 2min{P(a+c,b+d,O,0),P(G;C7b+d7a3670)}

b+d b+d . b+d b+d at+c b+d a+c b+d
i — | > +c,— —_—
P(a, 5 ,C, 5 ) mln{P(a c, 5 ,0, 5 ),P( 5 T3 5 g )}
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Nhu vay, ta chi can xét bai toan trong cac trudng hop sau la du

+, ¢ =d =0, bat ding thtic trd thanh

8ab(a + b)? > 3ab(2a* + 5ab + 2b?)

Hay
ab(2a® + ab + 2b%) > 0 (dting)

+, a = c,d = 0, bat ding thiic trd thanh

16a(2a + b)(a + b)* > 6a(a + 2b)(a + b)(4a + b)

Hay
2a(a + b)(4a® — 3ab + 2b?) > 0 (diing)

+, a = ¢,b = d, bat ding thic tré thanh

8(2a + b)*(a + 2b)? > 12(2a* + 5ab + 2b*)(a” + 4ab + b*)

Hay
4(2a + b)(a + 2b)(a — b)* > 0 (ding)

Bat ding thic dude chitng minh xong. Ping thitc xay ra khi va chi khi a = b= c = d.
Nhan xét. V6i cach lam tuong tu, ta co thé gidi duge bai toan sau ciia Vasile Cirtoaje trén MR, 1/2007

V(4 —ab—be —c—d — da) > (x/§+1) (d—a—b—c—d
v6i moi s6 thuc khong am a, b, ¢, d théa a? + b% + ¢ 4+ d% = 4.
(VA
86 Chiing minh ring véi moi a,b,c,d € [1,2], ta cé

- <
c+d a+b b+d™

at+b c+d a+c 3
2

Loi gidi. Dat VT = f(a,c), ta c6

Of  2(c+d) O*f  2(a+b)
92 " (axb2 " B2 (cxap "

Do dé, f 1a ham 1di vé6i a, c. Xét cac trudng hop sau
Trudng hop 1. b > d, khi d6 do a,b,c,d € [1,2] nén 2d > a,b,c,d > %b, do f 1a ham 1di v6i a,c

nén
fla.e) < max{ r2a2a) 1 (2.3 )1 (52) 1 (5.5) |
Ta lai c6 ) ) )
@b+ (P —Ad?) — 9P +4d) 3 3
1(2d,2d) = 6d(b+ d)(b + 2d) t555
B\ b-2d 3 _3
f(2d’§> “o0rd T2 2
b\ P(b—2d)+dd—b)(b+4d) 3 3
(32)= 2d T2%2
b b _ (b—d)b—24)(5b+4d) 3 _3
f(§’§> T Gbrdbi2) 272
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Trudng hop 2. d > b, khi d6, do a,b,c,d € [1,2] nén 2b > a,b,c,d > %d, do f 1a ham 13i véi a,c

nén
fla,e) < max{f(Qb,Qb),f (Qb,g> f <g,2b) . f <g,g)}

(b+ 2d)(d? — 4b) — 9b%(4b + d)
6b(b + d)(2b + d)

d\  d2(d—2b)+b(b—d)(db+d) 3

Ta lai c6

£(2b,2b) =

L33
272

B 2bd(b + d) +

d d—2b 3 3
Cop) = 2T 22
f(z’ b) Sb+d) 2=2

d d\ (d—b)(d—2b)(5d + 4b)
/(53)

DO o

3
—Z ) = - <
22 6db+ d)2b1d) 2

Bét ding thic duge ching minh xong.
(V)
87 Chatng minh ring vdi moi a,b,c > 0, ta luon cé

a?b b2c a

a® 4+ b* + ¢?
+ +
cb+c) alc+a) bla+d)

a+b+c

>3,
-2
Loi gidi. Dat 2 = 1,y = 3,¢=1 thé thi bat ding thic trd thanh

Z 22 N 3 2292 4+ 4222 + 2222
-2

g y?(z+x) zyz(zy + yz + zx)
Hay
Z 22(x+y+2) - 3(x%y? + 222+ 22 (v +y +2)
v2(z+x) 2xyz(zy + yz + 21)

cyc

x? x? 3(x2y? + 222 + 222 (e +y + 2
LAY > (z%y* +y )@ +y+2)
y* vz +w)

2xyz(zy + yz + 2x)

cyc
Sit dung két qua bai toan 17 va bat ding thic Cauchy Schwarz, ta cé
2 2,2 2 2
I D W ree EF e
Yy 2 Yy ylz+x) — 2(zy +yz + 22)

cyc cyc cyc

Ta can chitng minh

§Zl’2+y2 Ly wHy+2)? 3@+ g 4 2wty + 2)
2 xy 2@y +yz+zx) ~ 2zyz(zy + yz + 2x)

cyc

Chuén héa cho z +y + 2z = 1 va diit u = zy + yz + zz,v = zyz thi ta c6 % >q > 0,7 >0 va bat
déing thic tré thanh

3(u—3v) 1 3(u? — 2v)
B S I Y < S S S
2v +2u 6= 2uv
Ta c6 (1
vr_vp - (L3 >0
2u

BAt ding thitc duge chitng minh xong. Pang thitc xay ra khi va chi khi a = b = c.

VAV
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88 Cho cdc s6 khong am a, b, c, théa a® + b® + ¢ = 3, chitng minh ring
1+ 4abc > 5min{a, b, c}
Léi gidi. Khong mét tinh tdng quat, gid st a = min{a, b, c}, suy ra 1 > a > 0, bat ddng thiic tr§ thanh

1 + 4abc > 5a

Do a = min{a, b, c} nén ta c6 bc > a/b? + c2 — a? = a+/3 — 2a2, ta phai chitng minh
4a2\/m >b5a—1
Néua < i, taco VI —VP >2y/10a> —5a+ 1> 0, néu a > %, bat déng thic tuong duong véi
16a%(3 — 2a%) > (5a — 1)*

Hay
(a —1)(32a° + 32a* — 16a® — 164> 4+ 9a — 1) <0

32a° + 32a* — 164> — 166> +9a—1>0

Ta co
5 4 3 2 1 3 2042 1
32a” + 32a* — 16a” — 16a* + 9a — 1 = 5(2a7 1)(32a” + 3) + 2a(2a — 1)*(4a +4a+3)+§ >0
Bat ding thiic dugc chitng minh xong. Dang thitc x4y ra khi v& chi khi a =b=c = 1.
(Vv
89 Vi moi a,b,c >0 vi ab+ bc+ ca =1, ta ¢

1 N 1 N 1 >2\/6
V2a2 +3bc V202 +3ca V22 +3ab 3

Loi gidi. Pat ¢ = be,y = ca, z = ab, suy ra x + y + z = 1, bat déng thiic tré thanh

322 + 2yz 3y? + 2zx 322+ 2zy — Bz +y+2)

Ta c6 4
x
2 (2.2)
§3w2+2yz 3z +y+2)
Ty 4
> 2.3
; (322 +2y2)(By? +2zx) — Yz +y+2)? (2:3)
vi
g 322 +2yz  3(x+y+2z) 3(z+y+2)(3x2 + 2y2)(3y? + 22x) (322 + 2wy)
Z xy B 4 _ 184+ 36B + 22C + 15zyz(z + y + 2)? S
(322 +2y2)(3y2 + 2z2) Y +y+2)2 9z +y+ 2)2(322 + 2yz)(3y? + 222)(322 + 22y) —

cyc

véi A = (z —y)2(y — 2)%(z — 2)%, B = ayz(z + y)(y + 2)(z + 2),C = (wyz)%. Tiép theo, véi moi
m, n7p 2 07

m+p+n=+/m2+n2+ p?+2(mn + np + pm)

= \/m2 +n2 4 p2 + 2¢/m2n? + n2p? + p?m?2 + 2mnp(m + n + p)

v

\/m2 +n2+p2+ 2\/m2n2 +n2p? + p>m?



94 CHUONG 2. SOLUTION

St dung bat déing thiic nay va cac bat ding thitc (2.2), (2.3), ta dugc

Z Z i
3362 + 2yz 33&2 + 2yz (322 + 2y2)(3y? + 2zx)

4 4 2v/2
42 s =
3x+y+2) Iz +y+z) V3z+y+z)

Bét ding thic dugce chiing minh xong.

Q00

90 Cho a,b,c la cdc s6 thuc khdc 0 théa a® + b 4 c? = (a — b)%2 + (b — ¢)? + (c — a)?, ching minh bat
ddng thic

a b ¢ 1 a?b + b*c+ a 5
1. —+-+-—->5 2. —<— <
b+c+a7 127 (a+b+¢)3 ~ 36

Léi gidi. Khong mét tinh tdng quat gid st @ = max{a,b,c}. Chi ¥ ring diéu kién dé bai va cac bat

dfng thic trén sé khong déi néu ta thay (a,b,c) bdi (—a, —b, —c). Nhu vay, ta chi can xét a > 0,
khi d6

Néu b > 0 > c thi

(a=b0)2?+(b-c)+(c—a)?—(a®>+b*+c*) =(a—b)*+c*—2c(a+b) >0
Néu ¢ > 0> b thi

(=02 +(b—c)+(c—a)?—(a®>+b*+*)=(a—c)* +b* —2b(a+c) >0
Néu b < 0,¢ < 0 thi

(a=b)?+(b—c)+(c—a)?—(a®>+b*+*)=(b—c)*+a®>—2a(b+c) >0
Nhu thé, ta chi can xét b > 0 va ¢ > 0 1a di. T

0=(a—0)?+(b—-c)+(c—a)*—(a® +b*+ %)

~ (Va+ Vb4 ve) (Va+vo-ve) (Vb+ve-va) (Ve+ va—vb)

Ta suy ra dugc /a = vb + /¢, do d6 bt déng thic tuong duong véi

W“W9+M_0225
b ¢ (\/5+\/E)
1 (x/5+ﬁ)4b+b2c+c2(\/5+ﬁ)2 _ 5

<(\/B+\/E)2+b+c>3 3

1.

12 —

— 36

b
Dat t = \/j > 0, ta phai ching minh
c

(t+1)72 1
t > 5
g T (t+1)2 =
(t+ D)% +t* + (t+1)? 10

2. 2 < < =
3 - (t2+t+1)3 -9

1.
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That vay, bat déng thiic (1) tuong duong véi (t3 + 2 — 2t — 1)2 > 0, vé trai clia bat ding thitc (2)
twong duong véi (t3 + 3t2 — 1)2 > 0, v vé phai tuong duong véi (1 — 3t2 — 6t — 1)2 > 0.

Vay ta c6 dpcm.
(VY

91 Tim hing $6 k > 0 nhd nhit sao cho bt ding thitc

Va+k(b—c?+\/b+k(c—a)?+ctkla—b)?2>V3
ding vdi moi a,b,c >0 via+b+c=1.

Ldi gidgi. Choa=0b= %,c =0, ta dugc k > 1. Ta sé chiing minh k¥ = 1 1 gi4 tri can tim, ttc 1a

Va+ -4 Vb4 (c—a)?+ e+ (a—b)2>V3

Binh phuong 2 vé, ta c¢6 thé viét bat diing thic lai nhu sau

Zb—c —I—QZ\/ )b+ (a—c)?) >2

cyc cyc

Stt dung bat ding thic Cauchy Schwarz, ta cé

Z\/ )b+ (a—c¢)? >Z\/>+Z|a7(‘ o)l

cyc cyc cyc

Ta can chiing minh

S b—0+2) Vab+2) |(a—c)(b—c) >2

cyc cyc cyc

Khong mét tinh téng quét, gid sit a > b > ¢ > 0, khi d6

Z(b—c)2+22\/%+22(a—c)(b—c)—2_4(a—c)2—2<1—2\/%>

a-of = (Va- v = ((va- Vo) + (Vi ve)’)
ta—o? —2(Va-ve) =2(Va-ve)* (2(va+ve)’ -1)
> 2(va—+0) Qla+e)—1)=2(vVa—ve)’ (a—b+c)>0

%

vV

Bét diing thic dugc chiing minh xong. Vay ta co
kmin = 1.
Q00

92 Chatng minh ring vdi moi a,b,c > 0 thi

a3+abc+ 63+abc+ 03+abc> LI b 4 €
(b+¢)? (c+a)3 (a+b)2 " b+c c+a a+bd
Loi gidi. Binh phuong 2 vé, ta c6 bat ding thic tuong duong

a3 + abe (a3 + abc) (b3 + abe) a? ab
>3 oy Y
(b+¢)® Z\/ (a+c)3(b+c)? Cyzc(b—l-c)2Jr ;(a—l-c)(b—i-c)

cyc



96 CHUONG 2. SOLUTION

Chi § ring (a2 + be) (b2 + ca) — ab(a + ¢)(b+ ¢) = c¢(a — b)?(a + b) > 0, nén

(a® + abe) (b3 + abe) N a?b?
(@a+cp(b+c)®  — (a+c)*(b+c)?

va do dé

(a® + abe)(b3 + abc) < ab
(a+c)3b+c)® ~ (a+c)(b+¢)

Nhu vay, ta con phai chiing minh
a® + abc a®
T s -
; (b+¢)3 — %C: (b+ c)?

Ta c6

a® + abc a? B ala—b)(a—c)
S (e i) X 2

cyc cyc

Bét ding thic duge ching minh xong. Déng thitc xay ra khi vi chi khi a = b= c hoica = b,c =0
va cac hoan vi.

(V)
93 Cho cdc s6 duong a,b, c, ching minh rang
ab?>  bc?  ca® 6(a® + b% + 2
LA PSP Gl s
c a b a+b+c

Loi gidi. St dung bat ding thic Cauchy Schwarz, ta c6

(225 (S (£ (Sarte)

cyc cyc cyc

\Y%
R
O
™

ISR
~—
[V}

Ta can chiing minh
2
1 ) 1
(o) (20) =o(2) (Sawra)

) et x)

cyc cyc cyc

a b ¢ (a4 +2)

Z (a ;bb)2 (1 1 N 1 3(a+b)(c? —ab)) >0

+, Néu L > 20th) gy

1 1 1 3a+b)(ct—ab) _ 1 1 1 3(a+b)
(T W T S A2 S AN T
a+b+c+(a2+c2)(b2+62)*a+b+c ab

>0



Z 2 b N
—hNeu%g%haycz #%,thl

1 1 1  3(a+b)(c®—ab)
a b ¢ (a®+A)(b%+c?)

97

ct(ab + be + ca) + abc?(a? + b%) + (a + b)(a® + b? + 3ab)c® + a3b3 — 2a%b%c(a + b)

abc(a? + ¢2)(b2 + ¢2)
abc?(a® +b?) + (a + b)3c® + a®b® — 2a%b%c(a + b)
abe(a? + ¢2)(b2 + ¢?)
+ (a+b)3c® + a®b® — 2a2b?c(a + b)
abe(a? + ¢2)(b% + ¢2)
(a+b)3c + 19—6a3b3 + 1%asb?’ —2a2b%c(a + b)
abe(a? + ¢2)(b? + ¢?)

3¢/ Sk a?bc(a +b) — 2a%b2c(a + b)
> >0

abe(a? + ¢2) (b2 + ¢?) -

A%

a®b®(a®+b?)
4(a+b)2

%

v

Bat ding thitc duge chitng minh xong. Dang thitc x4y ra khi va chi khi a = b = c.
Q00
94 Tum gid tri lon nhét cta biéu thic
P=(a—-b)(b—c)(c—a)la+b+c)
vdi a,b,c > 0 théa a® +b> + % = 1.
Loi gidi. Néua>b>c>0,taco P<0.Néuc>b>a>0thi
P=(c—b)(b—a)(c—a)a+b+c)=(c—b)(b—a)(c®+bc—a®— ab)

< b(e— B)( + be) = (2 — be)(B? + be) < i(bQ Fe< i

Choa:O,b:sin%,c:cos%,taducjcP:i.Vay

1
P=-.
max 1

VAV

95 Vi moi s6 duong a,b, c,d,

bla+ c) n cb+d) dc+a) a(d+D)
cla+b) db+c) ale+d) bld+a)

Loi gidi. Bat ding thiic duge viét lai nhu sau

b d ¢ ?
(@) (C(a+b) " a(c+d)> té+d (d(b+0) i b(d+a)) -
Hay
a+c btd
(abe + abd + acd + bed) (ac(a+b)(0+d) bd(b+6)(d+a)> =

1 1
bt a

(1+1+1+1)( it: >>4
et )\ Ty T nGen) T




98 CHUONG 2. SOLUTION

Stt dung bat ding thic AM-GM, ta c6

st 4(at2)

A\

Bét diing thic duge chitng minh xong. Déng thitc xay ra khi va chi khi a = ¢,b = d.

(Vv
96 Ching minh ring véi moi s6 thuc a,b,c thi
a?® — be b? — ca & —ca
+ + >0
a? +2b%2 +3c2 b2+ 2c¢2+3a2 2+ 2a2+ 3b2
Loi gidi. Ta co
4(a® — be 4(a? — be
Z (CL b(’) _ Z (Cl b(‘) + 1 _3
a? + 2b% + 3¢2 a? + 2b% + 3¢2
cyc cyc
(b—rc)? 5a% + c?
-9 _
;a2+2b2+302 +Cyzca2+2b2+362

Y

Z 5@2 + 62
a? + 202 + 3¢

cyc

Ta can chiing minh
2, .2
Z 5a +c Z 3
a? + 2b2 + 3¢?
cyc
Hay

Sx + z
— = >3 v 0
Zx+2y+32_ Y,z >

cyc

St dung bat ding thic Cauchy Schwarz, ta dugc

5 brtz 36(x +y+2)?
T+2y+3z .. (5 +2)(z+ 2y +32)

cyc
B 9z +y + 2)?
2(x2 +y? + 22) + T(zy + yz + 22)

Mat khéc, ta lai c6
3xty+2)? -2 P +2%) Ty tyz+er) =2+ + 22—y —yz— 20 >0
Bat ding thitc dude chitng minh xong. Pang thitc xay ra khi va chi khi a = b = c.
(ViVV)

97 Cho cic sb khong am x,y, z, ching minh bt ddng thitc

I4 y4 24

+ + >1
ot + 22yz + Y222 Yyt yze + 2202 24 4 22xy 4+ a2y T
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Loi gidi. St dung bat ding thic Cauchy Schwarz, ta c6
Z :E4 S (1‘2 +y2 +22)2
ps ot +afyz +y?e? T Y wt+ Y 2PyE Y YRR

($2+y2+22)2

> =1
chc zt+2 chc y222
Bat ding thic duge ching minh xong.
Nhan xét. Dat a = 3,0 = Z—g,c 7%, ta duge
z;>1 Ya,b,c > 0,abc =1 (2.4)
a?+a+17~ o ’

cyc

Tit day, ta lai dat a = -, b= 2,c= 7 (m,n,p > 0), nhu thé ta co

2
m
- >1 2.5
LZy;mQernJrnQ_ (2:5)

(VA

98 Cho cdc s6 duong a,b,c théa abc = 1, chitng minh rding

1 1 1
<3
a?—-a+1 +b2fb+1 +c2fc+1 -
Lot gidi. St dung 97(2.4) khi thay (a,b, c) 1an lugt béi ((%h b%, c%), ta dugc

2‘174>1
at+a?2+1 "~

cyc
Hay
2

at4a2+1 "~

cyc

1 1
Za2+a+1+za2—a+1§4

cyc cyc

Lai sit dung 97(2.4), ta c6 dpcm. Déng thiic xay ra khi va chi khia =b=c=1.
(V)
99 Chitng minh rdng véi moi s6 duong a, b, c,

3a2? — 2ab — b? n 302 — 2bc — 2 n 3¢2 — 2ca — a?
3a2 + 2ab+3b%2  3b%2 +2bc+3c2  3c? 4 2ca + 3a? T

Loi gidi. Bat déng thic tuong duong véi

2 2
2(1 3a? — 2ab b)SS

— 342 + 2ab + 3b2

3a2 +2ab+3b%2 ~ 4

cyc



100 CHUONG 2. SOLUTION

Do 3a® + 2ab + 3b% > %(a2 + ab + b?) nén ta chi can chiing minh

b(a+b) 3
Zs <7
(a?+ab+0b2) ~ 4

cyc 3

ZLN
a?+ab+ b2~
cyc

Day chinh la 97(2.5). Bat déng thiic dugc chiing minh xong. Ding thiic x&y ra khi va chi khi
a=b=c.
(VVV
100 Cho cic sb duong a,b,c théa a* +b* + ¢* = 3, ching minh bit ding thiic
a? L b2 n c?
B+1 A4+1 ad+1

>

N W

Loi gidi. Ta c6

213/2 o 1 2
Zl+b3 Z 21_5_53726‘ Z v/ ZZG—ZZab(b—H)

cyc cyc cyc cyc cyc
DI D DD S D DD DA DR
cyc cyc cyc cyc cyc cyc
:gZGQ_%Zazbz
cyc cyc

Ditz=a?+ b2+ thitaco 3>z > V3 vaa?b? + 032 +2a2 =2

7Za2—3za2b2 > 12

cyc cyc

(z —3)(3xz — 5) <0 (dung)
Bét ding thic dude chitng minh xong. Ding thitc xay ra khi va chi khi a =b=c = 1.

VAV

101 Cho cdc sé duong a,b, ¢, ching minh bat ding thic

(a2 + b2 + 2)3 o3 . b3 . A3
(a+b+c)* “a+b b+c c+a

J
2

Lo gidi. Ta c6

a3—b3
Z a+b a+b a+b

| _ (ab+be+ ca)(a—b)(b— c)(c—a)
(a+b)(b+c)(c+a)

:Z(a—b)((a—l—b) —ab) Z(a—b)( +b)_2ab(a—b)
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Suy ra
a® ad + b’ a - v’ ab+bc—|—ca)( —b)(b—c)(c—a)
2 = =92 —
%;a+b 2; a+tb +§; a+b z;a 2; abt @tb)b+olcta)

Ta phai chitng minh

9(a® + b + c%)3 o2 (ab+ bc+ ca)(a—b)(b—c)(c—a)
T+ w1 2

Dtz =a?>+b%>+ %, y=ab+bc+cathitacodz>yva

9z° (@ —y)(72? —4y?) _ 32%(w—y) _ z(z—y)

VI=———— +y—2z=
(@ray? Y @t2m?  ~ @t2)? T at2y

Mit khac, sit dung bat ding thic AM-GM, ta c6
(a+0b)(b+c)(c+a) = (a+ b+ c)(ab+ bc+ ca) — abe > g(a—i—b—l—c)(ab—i—bc—l—ca)

Ngoai ra, ta cling dé thiy ring ta chi can xét bat ding thiic trong trudng hop ¢ > b > a la di. Nhu
thé, tit cac lap ludn trén, ta suy ra ta chi can ching minh ring

x(x—y) _ WNa—b)(b——c)(c—a)
T+ 2y 8(a+b+c)

Y

Hay
8(a? + 0% +*)(a® +b* +c2 —ab—bc —ca) > 9(a —b)(b—c)(c—a)(a+b+c)

101

2 2 2 2 2

— 8b% + 6ab + 5bc — 11c +4—§ 2(a—b)2 >
(8a® — 8b* + 6ab + 5bc — 11ca) 16 c“(a—0) 0

cyc cyc

16
BAt dang thitc cubi ciing hién nhién ding, vay ta c6 dpem. Ding thiic xay ra khi vachikhia = b = c.

AV

102 Cho cdc s6 dwong a,b,c,d théa a + b+ c+d = 4, tim hing so k tét nhét sao cho

1 1 1 1
o+ - —A> k(@ + P+ dP—4)
a b ¢ d

Loi gidi. Choa=b=c= % d =2, ta suy ra dugc k < ‘5 . Ta s& chting minh day 13 gia tri can tim, tic

Ia
1.1 1 1 3
_ _ - Z>1 4,2 b2 2 d2
STyttt +Aa+ +c 4+ d°)

Khéng mét tinh téng quét, gid st d > ¢ > b > a,suyraa+b<a+c< 2,b+c < %, dat

t:%b*c < 1, ta sé chitng minh
111 3,, 39,
Syt b >2 %
a+b+c 4(a+ +C)_t 4
Hay

4m+b+@(2+1+%>—36zm+b+@@m2+¥+8)fm+b+@%

b
Z:c(bfc)2 >0

cyc



102 CHUONG 2. SOLUTION

V(’ﬁ.rz%*a*b*C,yZ%*a*b*C,Z—E*a*bfcTaCO
4 16
=——a—-b—c>—---3>4-3=1>0
T “=lato2 °°
4 16
y=——a-b—c>—— —3>4-3=1>0
ca (a+c)?
4 4 16 16 9 1
-4+ - _9 b > —6>44+--6=->0
Y ac+bc (a+ +C)_(a—|—c)2+(b+c)2 - +4 4

Do d6 bat déng thic trén ding. Nhu vay, dé ching minh bat déng thitc da cho, ta chi can ching

minh 3 1 3
S+->14- (3t2+d2)
t d
Hay
3 1 3,0 9
et > =z _
g 2 1 B (4307
Ta c6 ) )
t—2)°(t—1
VTfVP:—B(3 ) ) >0
t(4 — 3t)
Vay ta c6 dpem, tit d6 ta di dén két luan
3
kmax = Z

Nhan xét. C6 thé thay két qua nay manh hon két qua sau ciia Pham Kim Hiing

2 2
f-&-bﬁ-l—*-i-ﬁZa +b0°+ P +d

That vay, dat x = a®+b2+ 2 +d? >4, st dung bét ding thitc Cauchy Schwarz, ta cé

2
64VT > 16 (Z i) > (3z +4)°

cyc
Lai c6 (3x + 4)% — 64z = (z — 4)(92 — 4) > 0 nén bat ding thic ding.

VAV

103 Cho cic s6 duong ,y, z théa xy + yz + zx = 1, ching minh bét ddng thic

aly+2)?  yz+o)?  z(zty)?  3V3
(I+y2)2 " (T4 (Ltay)? ~ 4

Loi gidi. Pat a = yz,b = zx,c = xy thita c6 a + b+ c = 1 vh bat déng thic tré thanh

va(b+c)? 3\[
Z\/* ) 4

cyc

Hay

(1—a)2 3v3
DN

cyc

R

cyc
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3\/§ a2
— Y7 Vabc > E -
1 abe 4 ( 1)2

cyc

Diat g = ab + be + ca, R = v/3abe, sit dung bat ding thitc AM-GM va bat ddng thitc Schur, ta cé

q=ab+bc+ ca>\/3abc(a+b+¢) = V3abc = R

1 be 241
q=ab+bc+ca < +fa c_ 3R4+

9R2:27abc§(a+b+c)3:1

Suy ra 3RZ+1 > ¢ > R va 1> 3R, bat déng thitc da cho tuong duong véi

12(6¢%> +4R?q + R* —6R*>+3) 3
= SR-1<0
f(@) Bg+ R 16) ty =

Ta cé
() = 216(33 — 26R? — 24+ R*) _ 216 (33 —26-§ —24-3) 4776 ~0

v= (3¢ + R 1 6)1 =T B+ RE46) 3¢+ RZ16)

Suy ra f(g) 1a ham 16i, do d6 ta c6
3R? +1
sy < mox{ 1. (7))
Lai c6
R(3R — 1)(R? + 21R? + 84R + 36)
R) = <0
J(R) 4(R? 4+ 3R +6)2 -
s 3R?+1\ (B3R —1)(169R* + 1719R3 + 546 R* + 81(3R — 1)(3R — 4)) <0
4 - 4(13R2 4 27)? -

Bt ding thitc dugc ching minh xong. Ding thitc xay ra khi va chi khi @ = b = ¢ = % hoac
a=1,b=c¢=0 va cic hoan vi.
Nhan xét. Bat déng thic trén c6 dang lugng gidc nhu sau

sin A sin B sinC
B-C C—A
p) 2

w
w%
w

>

cos? cos?

2 A—B
COos 5

Két qua nay dugc tac gid dit ra tit két qua sau sin A +sin B +sin C' < %, tat nhién cac ban c6 thé ching
minh "dang lugng gidc" bing ky thuat don bién trong tam gidc nhung xem ra c6 vé dai hon! Loi giai trén
tuy phic tap nhung lai c6 vé ngén gon!

(VA

104 Cho cic sb khong am a,b,c théa a + b+ c =3, ching minh bit ding thic

\/a+ b2+c2+\/b+ c2+a2+\/c+ a2+6223\/\/§+1

Loi gidi. Binh phuong hai vé, ta c6 thé viét lai bat diing thiic nhu sau

Z\/a2+b2+22\/<a+ b2+c2) <b+\/a2+c2) >9v2+6

cyc cyc




104 CHUONG 2. SOLUTION

Stt dung bat ding thic Cauchy Schwarz, ta cé
b+c a+c
2 a+Vb2+c)(b+va2+c?)>2 <a+ )<b+ >
2 \/< )( ) 2 V2 V2

:ﬁ;\/((ﬁ_1)a+3) ((va-1)b+3)
>v2y ((\/571)\/@%) _ (27\/§)Z@+9\/§

Nhu vay, dé ching minh bat déng thitc da cho, ta chi can ching minh bat déng thic sau véi moi
z,y >0
zt 4yt + (27\/§>xy2x2+y2

That vay, ta co

— (g — )2 (z +y)? _
V2(VT = VP) = (z—y) <W+x2+y2 \/§+1>

e (z +y)? B ~ (V2—1)ay(z —y)?
=) ((\/5+1)(502+y2) \@+1)_ a2+ y? =

Bat ding thitc duge chitng minh xong. Dang thitc x4y ra khi va chi khi a =b=c = 1.

MV

105 Cho a,b,c la do dai ba canh ciia mot tam gidc, chitng minh ring

a n b . c -1
3a+b—c¢c 3b+c—a 3c+a—b—

Loi gidi. St dung bat ding thic Cauchy Schwarz, ta cé

4a 4a a—b+c
3 1) = L "
Cyzc?)a—i—b—c 3 ;(&L—&—b—c ) Czyc?)a—l—b—c
N (a+b+c)? B (@ +b+c)? _1
- chc(a—b+c)(3a+b—6) ZCyCCL?—i—ZECyCab

Bét ding thic dude chimg minh xong. Ding thitc x4y ra khi va chi khi a = b = c.

Q00

106 Cho cic s6 duong a,b,c théa a® + b* + ¢ = 3, chiing minh bt ddng thitc

a n b L c <§
ab+3 bc+3 ca+3 " 4

Loi gidi. Ta c6 bat diing thiic tuong duong

4achab + 122ab2 + 36abc + 362@ < 3a?b%c? + 9acha + 27Zab + 81

cyc cyc cyc cyc cyc
Khong mét tinh téng quat, gia sit b 1a s6 hang ndm gitta a va c, suy ra

alb—a)(b—c) <0



105

hay
ab? + ca® < a®b + abe
Nhu thé

> ab® <b(a® + ) +abe = bla+ ¢)* — abe < —(a+b+ )’ — abe

cyc

Sk

Nhu vay, ta chi can chiing minh ring

4
dabe " ab+ 12 (E(a—l— b+c) — abc) +36abc+ 363 a < 3a2°c + 9abe Y a+ 273 ab+ 81

cyc cyc cyc cyc

Dit p=a+b+c,q = ab+ bc+ ca,r = abe thi ta c¢6 p? — 2¢ = 3. Mit khac, sit dung bat déng thic
2 2 2 2 ?
AM-GM, ta c6 @ = ¢% > 3pr, bat déng thic tré thanh

16 5 27 81
f(r)=3r" — (2p> — 9p + 18)r — jp3 + ?p2 —36p+ 5 20

Ta c6
2 )2

(p

fl(r)y=6r—2p> +9p—18 < —2p* +9p— 18

_ =D -3)p*+2) 18 _

0
2p

Do d6 f(r) 1d ham nghich bién, suy ra

) > f (p? —3)?\ _ (p—3)(3p” — 15p° + 27p® — 247p* + 717p> — 1953p> + 621p — 81)
TN = 12p B 144p2

Mat khéc, ta lai c6

3p” — 15p° 4 27p° — 247p* + 717p® — 1953p* + 621p — 81
< —6p5 + 27p° — 247p* + T17p% — 1953p? + 621p — 81
< 21p° — 247p* + T17p% — 1953p? + 621p — 81
< —184p* + 717p% — 1953p? 4 621p — 81
< 533p3 — 1953p% + 621p — 81
—3(118p% — 207p 4 27) < 0 (do p > V/3)

IN

Bat ding thiic dugc chitng minh xong. Dang thitc x4y ra khi va chi khi a =b=c = 1.

AV

107 Cho cic sb khong am a,b, c, ching minh bt ddng thic

a? . b2 n c? < 3
b2+ (c+a)? 2+ (a+0b)? a?+(b+c)? ~ 5

Loi gidi. St dung bat ding thic Cauchy Schwarz, ta cé

2

(Z b+(+)> - <Z <b2+<c+a)z)(cz+<a+b)2)> (Za<02+<a+b>2>>

cyc cyc cyc

_ ((@®+ 0+ c?)(a+ b+ c) + 6abe)((a® + b + ) (a + b+ ¢) + 2(a’b 4 b*c 4 c2a))
N (a? 4+ b2 + ¢ + 2ab)(a® + b2 + 2 + 2bc)(a® + b? + 2 + 2ca)




106 CHUONG 2. SOLUTION
Khong mat tinh tdng quét, gid sit a + b+ ¢ = 1, khi d6 dé dang chitng minh dugc
a’b+ e+ Pa < i — abc
-7

Nhu thé, ta chi can chiing minh

(a® + b + ¢ 4 6abc) (a® + b* + 2 + £ — 2abc) <
(a? + 1% + ¢ + 2ab)(a? + b% + % + 2bc)(a? + b + ¢ + 2ca) —

9
5

Dit a? + b2 4 ¢% = 71+§q2,r = abc (1 > ¢ > 0) thi ta ¢ 7(1_‘1);(71_"2‘1) >r > maX{O, 7(1'“1);(71_2‘1) },
bét déng thiic tuong duong véi

2673r% 4 72(3¢* — 1)r + 36" + 164> —1 >0

Néu 3¢ > 1 thi bat ding thic 14 hién nhien. Néu 1 < 2¢ < % thl

1—q)2(1+2
VT > 72(3¢% — 1)% +36¢* + 16¢2 — 1

4 11
=164¢° + 4¢° (Sq — §> + (32q2 — §> >0

Néu 1 > 2¢ thi

1+¢)2(1-29)\° 1—q)2(1+2
VT > 2673 (W) +72(3¢% — 1)% + 36¢* + 16¢° — 1
_¢?(44q* + 180¢% 4 135¢° + 30(1 — 2q)) -0
= . >

BAt ding thitc duge chitng minh xong. Dang thitc x4y ra khi va chi khi a = b = c.

Nhan xét. Ngoai ra, ta ciing c6 két qua sau

a? b2 c? 1
>
Preta? \V@t@ro? \@r@rog=

That vay, sit dung bat ding thiic Holder, ta c6

Z > a® +(c+a)) | = (a+b+c)’
(c+a

cyc

Lai c6
(a+b+c)3—2a(b + (c+a)? *QZa b+ 6abc > 0

cyc cyc

Tit day ta d& dang suy ra dpcm. Ding thitc xay ra khi va chi khi (a, b, c) ~ (1,0,0).

MV

108 Cho a,b,c la do dai ba canh ciia mot tam gide, ching minh bét ding thic

ala—b)  blb—c) clc—a)
>0
a2 +2bc  b2+2ca 2 +2ab

Loi gidi. Bat ding thic tuong duong

ala —b)
—+1) >
;<az+2bcJr >_3



Hay
2
Z 2a ab + 2be S

a? + 2bc -
cyc

107

Do a, b, ¢ 14 do dai 3 canh clia 1 tam gidc nén ¢ > b—a, do dé ta c6 2a2—ab+2bc > 2a%—ab+2b(b—a) =

2(a — b)2 + ab > 0. Nhu thé, sit dung bat ding thitc Cauchy Schwarz, ta c6

Z 2a2 — ab + 2bc < (2(a® + b + ¢*) + ab + be + ca)?
a?+2bc T 3 .(2a% — ab+ 2bc)(a? + 2bc)

cyc

Ta can chitng minh

(2(a® +b* 4+ ¢?) + ab + be + ca)? > 32(2@2 — ab + 2bc)(a® + 2bc)

cyc

Hay
7Za3b+42ab3 > 22(144—32@21)2—!—62@21)0

cyc cyc cyc cyc cyc

Lai do a, b, ¢ 1a do dai 3 canh ctia mo6t tam gidc nén ton tai cac s6 duong x, vy, z sao cho a = y+z,b =

z+x,¢c=x +y, khi d6 bat ding thiic trd thanh

221‘4 + Qny(xZ +9%) + 32:1:3/3 > 62x2y2 + 3Zx2yz
cyc cyc cyc cyc cyc

Sit dung bat déng thitc AM-GM, ta c6

22x4222x2y2, 2ny(x2+y2)242$2y2, 3ny3232x2yz

cyc cyc cyc cyc cyc cyc

BAt ding thiic duge chitng minh xong. Dang thitc x4y ra khi va chi khi a = b = c.
Q00

109 Cho cdc so duong a,b,c, ching minh

Variare Vrrmere HVarare 2!
>
az+7ab+b2+ b2+7bc+c2Jr 2+ Teca+a? —

Loi gidi. Dat x = g, y=1,e= 2 thitaco zyz =1, bét ding thic tré thanh

1
DR,
2+ T +1

cyc

N R N . n2p? p2m?
Do x,y,z > 0 va zyz = 1 nén ton tai m,n,p > 0 sao cho v = 5,y = E5-,2 =
chiing minh
4
m
>1

\/ms + TmAn2p? + nipt

cyc

Stt dung bat déng thitc Holder, ta cé

po \/m8+7m4n2p2+n4p4 p

Nhu thé, ta chi can chiing minh
(m3 + n3 Jrp3)3 > Zm(ms + 7m4n2p2 + n4p4)

cyc

(Z m? > (Zm(m8+7m4n2p2+n4p4)) > (m3—|—n3+p3)3
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Hay

Z(E)mﬁn?’ + 2m3n3p® — TmSn?p?) + Z(m6n3 —minip) >0

Sym sym
BAt ding thiic cudi cting hién nhien ding, vay ta c6 dpem. Dang thitc xay ra khi va chikhia =b = ¢
hoac % — 0,7 — 0 va cac hodn vi tuong tng.

Nhan xét. Téng quat hon, ta c6 két qua sau

a? b2 c? 3
>mind1, —5 Yk > —2
\/a2+kab+b2 +\/1;2+1<:1;c+c2 +\/02+kca+a2 —mm{ ’\/k+2} =

That vay, theo chitng minh trén ré rang ta chi can ching minh bat ding thitc cho trudng hop k > 7, khi
d6 sit dung bat ding thic Holder, ta c6

(Z m’ > (Z m(m® + km*n’p® + n4p4)) > (m® +n® +p%)?

g \/ms + km4n2p2 + n4p4 g

Ta sé ching minh
(k+2)(m® +n* +p*)* > 9 Z m(m® + km*n’p® + n*p*)
cyc

Hay

k(m3+n3+p3)((m3+n3+p3)279m2n2p2)+2(m3+n3+p3)3792m979Zm4n4p20

cyc cyc
Do k> 7 va (m® 4+ n® 4+ p*)? — 9m?n?p? > 0 nén ta chi can ching minh
7(m® +n® + p2)(m® + n® + p°)% — 9m?n2p?) + 2(m® +n® + p°)° — QZ md _ 92 mntp > 0
cyc cyc

Hay
(m3 + TLS +p3)3 Z Z m(mS + 7m4n2p2 + n4p4)
cyc

Bat ding thiic nay da dugc chitng minh & trén.

QOO

110 Cho cic s6 khong am a,b, ¢, ching minh bét ddng thic

1 n 1 n 1 <\/§< 1 n 1 n 1 )
VaZ+be Vi2+ca VE+ab a+b b+c c+a

Lyi gidi. Sit dung bat déng thitc Cauchy Schwarz, ta c6

Z 1 2: Z (a+b)(atc) 1 ’
s Va2 + be po a? + be Via+b)(a+c)
(a+b)(a+c) 1
= (Czy; a? + be > (; (a+b)(a+c)>

B 2(a+b+c) a(b+c)
" (a+Db)(b+c)(c+a) (%C: a? + be +3>

Nhu thé, ta chi cAn chiing minh

2(a+b+c) a(b+c) 1 ’
(a+b)(b+c)(c+a) (Z a? + be +3> =2 (Zb+c>

cyc
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Hay
Z a(b+c) < (a® 4 b% + ¢ + 3ab + 3bc + 3ca)?
a? + be ~ (a+b)b+e)c+a)at+tb+c)

cyc
Za(b—l—c)_ < a* + b+t —a?h? — b2 — cta?
a? + be ~ (a+b)b+e)ct+a)a+b+c)

cyc

1 1
S0 -0t=0 (5 + o) 20

cyc

Khéng méit tinh téng quat, gia sit a > b > ¢, khi d6 ta c6 a — ¢ > 2(b—c)>0,dodo

1 1
Cyzc(a—b)(a—c) <a2 + be * (b+c)(a+b+c)>
(a —b)(b—c¢) 1 1 1 1
= b (“<a%+m5*w+@xa+b+@)“b<w+wa+(c+axa+b+@>>
_cla—0b)2(a+b)(b—c)(a®+b* — ab+ ac+ be)
N bla + ¢)(b+ ¢)(a? + be)(b? + ac)

>0

Bét dfing thic dugce chitng minh xong. Ding thitc xay ra khi va chi khia = b = c.
QOO

111 Cho a,b,c la do dai 3 canh ciia 1 tam gidc, chung minh rdng

b ¢ a a b ¢

L&i gigi. Chi ¥ ring

@by @b @a-ob-o

b ¢ a ab ac

boe a4 _(a=b)? (a-9b-09
b - ab be

Do d6 bat dang thiic tuong duong véi

s (2D a-ae-v)

ac

Véi gid st ¢ 1a s6 hang nam gitta a va b, ta c6
(a—b)?=(a—c+c—b)?>4(a—c)(c—b) >0

Nhut thé, ta chi can ching minh

4 3 2

= > - _

ab — ac bc
Hay

dc 23

ab b " a

Néu b < ¢ < a thi ta c6

Néu b > ¢ > a thi ta co

wato o a alaro ="

BAt ding thitc duge chitng minh xong. Dang thitc x4y ra khi va chi khi a = b = c.

Q00
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112 Chitng minh rdng néu a,b,c la do dai 8 canh cia 1 tam gidc thi

2 2 2
a—b+g+22a2+b2+02
c a b

Loi gidi. Bat déng thic tuong duong véi

c2(a — b)? n (% + ac—be)(a—c)(b—c)

>0
ab ac -

Tt day, véi gid stt ¢ = min{a, b, ¢}, ta c6 a® +ac —bc = a(a+c) —be > b(a — ¢) > 0. Bat ding thic
duge chiing minh xong. Déng thiic x3y ra khi va chi khia =b = c.

QOO

113 Cho cic s6 khong am a,b, ¢ chiing minh bt ding thitc

a® b 2 9(ab+ be+ ca)
S A I A D)
b2+02+a2+ a?+b+c2 =

Lyi gidi. Cach 1. Ta c6 bd dé sau
Bé dé. Vi moi a,b,c >0, ta ¢é

2324 2
2<a b c)+1221(a+b+c)

b ¢ a (a+b+c)?

That vay, bat ding thiic tuong duong

b
2(a+b+c)2(%+g+g)+(a+b+c)2221(a2+b2+62)
Hay
a’ c2a ca® 9
Do HAd ab+d 42 S ->8) a
cyc cyc cyc cyc cyc
Hay
@ b—2% a2 ca b +2 co’ b >6 2 b
POLEDIEE DI RY PILE o) FETDOE = T BT O olie o
cyc cyc cyc cyc cyc cyc cyc cyc cyc
> Si(a—b)? >0
cyc
trong do
b 2 26 b 2
Sp=-4 2423 G="424% 3 g =244 % 3
c c b a a c b b a

Khoéng mét tinh téng quat, ta chi cin xét bat ding thitc da cho trong trudsng hop a > b > ¢ la da,
khi d6 dé thay S, > S, va S, > 0, ta co

2 2 b) b 2b 2a+b
Spp S =ty2by2ath) b g a2, et sy
b a ab c b a a
b c(2a+3b)  2b 4b 2(2a + 3b
Sotos, = Qb cRatsh) 2 g a db ) 2203 oo
b a ab c b a a

Do do
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+, Néu S, > 0, ta c6 (a — )2 > (a — b)? nén
VT > (Sy+Se)(a—1b)>*>0
+, Néu S, < 0, theo bit ding thitc Cauchy Schwarz, ta ¢6 (a — ¢)? < (a — b)? + (b — ¢)? nén
VT > (Sa+255)(b— ¢)* + (Se 4+ 255)(a — b)* > (S +259) (b — ¢)* + (S +28)(a — b)> > 0

B dé dugc chimg minh xong. Dang thitc x4y ra khi va chi khi a = b = c.

Tré lai bai toan cia ta, sit dung bd dé tren va két qua bai toan 1.17, ta ¢

a72+f+02>§zajb_6 N a? b2 02>10(a4+b4+c4)7a2b27b202702(12

22 a2 T2 poo e a2 (a? 4 b2 + ¢2)?
Suy ra
a> ¥ 2 _ 3 a+b 10(a* +b* + ct) — a?b? — b?c? — c2a?
72+*2+*2272 + ( 2) 2 2)2 -3
b 2 a 4 ¢ 2(a® + b2+ ¢?)
Nhu thé, ta chi can chiing minh
3 Z a+b N 10(a* + b* + ) — a?b? — b2c® — c2a®  9(ab + be + ca) > 15
4 c 2(a? + b2 + ¢?)? a? +b% + 2

cyc

Khoéng mét tinh téng quat, gid sit a + b+ c = 1, dit ab + bc + ca = %, r =abc (1 > q > 0) thi ta
2 2 . ”
co Uma Q2a) > 4> (040 (1220) 54 dfing thiic trd thanh

1— ¢ 7297 27 —42(1—¢*)*  36(1-¢°) _
r (1+2¢%)2 (1+2¢%)2 1+2¢2 —

1—q2
r

Dé dang ching minh duge f(r) =

+ % 13 ham nghich bién theo r, nén ta cé

1—¢? N T29r 2701 - ) 27(1—q)?(1+2q)  27(1+q) 27(1 — ¢)%(1 + 2q)

r (1+2¢%) = (1 —¢)*(1 +29) (1+2¢2)?  (1—q)(1+2q) (1+242)?
Lai c6

27r — 42(1 — ¢?)? o (1+q)%(1 —2q) —42(1 — ¢?)?
(1+2¢%)* — (1+242)?
Nhu vay, ta chi can chiing minh
27(1+q) 27(1 —)*(1+29)  (1+¢)*(1—29) —42(1 —¢*)*  36(1—¢*) _ 19
(1—-q)(1+2q) (1 + 2¢2)2 (1+2¢2)2 1+2¢2 —

Hay

2¢%(¢*>(11q — 7)% + 189¢* + ¢® + 36¢> + 1) -
(1—q)(1+2¢)(1 +2¢2) -
Béat déng thic cubi ciing hién nhién ding. Vay ta c6 dpcm. Dang thic xay ra khi va chi khi
a=b=c.
Cach 2. Ta chiing minh bd dé sau
Bé dé. Vi moi x,y,z > 0 théa xyz =1, ta 6

15 11
(x—s—y—i—z)?—l—?EZ(:E+y+z+ﬂcy+yz+zx)
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That vay, khong mét tinh tdng quat, gid sit z = min{z,y,2} suy ra > = zy > 1 (¢t > 0), dat
P(z,y,z) = VT thi ta c6

2
4 +y) + 8zy/xy — 1lzy — 3 _
4y
Lai c6
1 41243 4 ¢2 At —1)2
Ptz =P L) = CEZ12EHEASA =17,
t2 4t4

B8 dé dugc ching minh xong. St dung két qua nay, ta cé

(a2 b2 c2>2>11 a2 +b 15

b2 2

=4 c? 2

cyc

a?
Nhu thé, ta chi cin chitng minh

242 b+b 2
Hza—g 730236<473(a+c+ca)>

c a2+ b2+ ¢?

cyc

Khong mét tinh téng quat, gid st a +b+c = 1, dit ab + be + ca = p2gq2 (1>¢>0)var=abc
thi ta c6 (1_‘1)2# > r > 0, bat ding thiic trd thanh

L0+ 22— =18 36011+ 1)
2772 (1+2¢2)2 —

fr) =

R6 rang day 1a ham nghich bién theo r nén ta c6

>0

(1+2¢%)*(1 = ¢)*(1 +2¢)? -

) > ((1 —q)%(1 + 2q)> _ 18¢2(8 — 28¢ + 61¢% — 148¢> + 778¢* + 1112¢° — 892¢°)
= 27

Bét ding thic dugce chiing minh xong.
(V)

114 Cho cic sb khong am a,b,c, ching minh bét dding thic

a b ¢ a? + b2+ 2 2/3
- +-+-2> e —
b ¢ a ab + bec + ca

Loi gidi. Ta c6 bat ding thiic tuong duong

ad ¥ S 3P+ ) N 3(ab® + B3¢ + 3a?) 46>2 a? + b2+ c2\?
a’d abe a?b?c? - ab+ bc+ ca
St dung bat ding thitic Cauchy Schwarz, ta cé
e . b3 . 3 (a3 + b3 + )2
B T3 T B+ A + Bad

bS

Nhu thé, ta chi can chitng minh

a® + b3 + ¢3)? 3(a® + b3+ 8 3(alb® + b33 + Ba® a? + b2 + 2 2
( T +6>27
a3b3 + b3¢c3 4 c3a3 abc a2b2c? ab + be + ca

Khoéng mét tinh téng quat, gia st a +b+c =1, dit ab+ bc+ ca = % (1>¢>0)var=abcthi
ta co (IW);M > r > 0, bat dang thiic trd thanh

27(3r + ¢%)? 3¢ (1—¢*)((1—q¢%)*—27r)

27(1 + 2¢%)?
I ) ey e A 2 =0

f(r) 0r2 (1—¢)? =
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Ta c6
£ = 81(¢* +3r)((1 —¢*) (1 +2¢*)(2+¢%) —27(1 +¢*)r) 3 2(1—¢*)((1 —¢*)*—27r)
(81r2 —27(1 — ¢?)r + (1 — ¢2)3)? r2 9r3
Ta c6

(1=¢*)?=27r>(1-¢") - (1-9?(1+2¢) =¢*(1-¢)* >0
Nhu thé, ta sé ching minh f/(r) < 0 béng cach ching minh

27(¢% +3r)(1 — ¢*) (1 + 2¢°)(2 + ¢*) — 27(1 + ¢*)r)
(8172 = 27(1 — ¢?)r + (1 — ¢%)3)?

< 1
<3
D& chitng minh duge (1 — ¢2)(1 +2¢%)(2 + ¢?) < % nén ta chi can chitng minh

r?(q® + 3r) o2
812 —27(1— @)r + (1- ¢2)°)2 ~ 813

g(r) = (

Ta c6

_r(243r3 +81(1 +¢*)r? — 9(1 — ¢?)%r — 2¢%(1 — ¢?)3)
81r2 — 27(1 — ¢®)r + (1 — ¢2)3)3

D& thay h(r) = 24313 +81(1 + ¢*)r?2 — 9(1 — ¢®)3r — 2¢%(1 — ¢?)® 13 ham 15i nén

(1- Q)Z(71 + 2‘1)) }

g'(r) =

h(r) < max {h(0)7 h (

Lai ¢6
h(0) = —2¢°(1—¢*)* <0

L ((1 —q)*(1+ 2q)> (g —1)3(62¢° + 267¢° 4 399¢" 4 344¢> + 156> + 51q + 17)

<
27 81 =0

Do d6 h(r) <0, suy ra ¢’(r) <0, vay g(r) 1a ham dong bién nén

(1-q(1+29)\  (1—q)(1+29)>(2¢> +6¢*>+1)
9(r) Sg( 27 ) 720(5¢% + 9¢% + 3¢ + 1)

Cht ¥ réng v/3 < I nén ta chi can chiing minh réng

(1-9)(1+20)%2¢° +6¢°+1) _ 8
729(5¢% + 9¢% + 3¢+ 1) = 567

Hay
5645 4+ 168¢° — 42¢* + 248¢> + 606¢> + 195¢ + 65 S

5103(5¢® + 9¢% + 3¢+ 1) =
Bét ding thiic nay hién nhién ding, do d6 f(r) la ham nghich bién, suy ra

0

f(T’) > f (1 - q)2(1 + QQ) B 27(]2(79(]8 + 140(]7 4 67(]6 + 52(]5 _ 7q4 _ 14(]3 + 4(]2 +2q+ 1)
) o (1—a)*(¢+1)%(2¢ + 1)2(5¢° + 9¢> + 3¢ + 1) 2

Bét déng thic duge ching minh xong. Vay ta cé dpem. Dang thic xay ra khi v chi khia =b = c.
(V)

115 Cho cic s6 khong am a, b, c, ching minh bat ding thic

a b ¢ i/ 9(a® 4+ b3+ ¢?)
A

N
b+c+a a+b)(b+c)(c+a)
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Loi gidi. St dung két qua bai toan 1.113, ta chi can ching minh

E a+b_E>4 9(a3—|—b3’—|—c3) 2/3
4 c 2 - (a+b)(b+c)(c+a)

cyc
Khéng mét tinh téng quat, gia st a +b+c =1, dit ab+ bc+ ca = % (1>¢>0)var=abc thi
ta c6 (17‘1);# > r >0, bt ding thitc tré thanh f(r) > g(r) véi

11(1—-¢%) 63

e

¢+ 3r 2/3
12r 4

1—¢q%2—3r

Ré& rang f(r) 13 ham nghich bién theo r v& g(r) 13 ham ddng bién theo r nén ta chi can ching minh
(1-9?0+29)\ _ ((1-9¢°(+29)
N 29—
27
Dit z = 11%2;1 > 1 thi bat ding thiic tuong duong

2 3 2/3
11z — 4z + 11 24(9(:18 +2))

2z 2(x +1)2
Hay
(1122 — 42 4+ 11)3(x + 1)*
h(z) =1n (@ 1 2 —7ln2-4mn3 >0
Ta c6

(x — 1)(112° — 142* — 4523 + 102? + 442 + 66)
z(x + 1)(x3 4+ 2)(1122 — 4z + 11)

K (z) =

Tir day, ta c6 thé dé dang kiém tra dugc bat ddng thiic trén. Bat déng thic dude ching minh xong,.
Déng thiic xay ra khi va chi khia =b = c.

(V)

116 Cho cic sé khong am x,y,z théa x + y> + 2> = 1, chiing minh bit ddng thic
23 Y 53

>
22 + 3y + 92 +y2+yz—|—z2 +z2—|—zx—|—12 -2

—_

Loi gidi. Ta co

3 +y)
VT =
Z 2(22 +y +y?)

cyc

T+y 1
=> (:c—y)?( ; 7~ >+ 3(2% + 9 +2%)
p 224+ ay+y 3?4+ y?+2)+ar+y+z
> /3(x? +y2 + 22)

Mzt khéc, ta co

2+x+2+z2 Yo (e 12+§>§
Y 4 2 1°1

N =

2’ +y’+ 27 = <x—

Suy ra 3VT > ,tac la VT >
chlkhla—b—c.

. Bat ding thic dugce chitng minh xong. Ding thiic xay ra khi va

Q00



117 Cho a,b,c la do dai 8 canh ctia mot tam gidc, ching minh bét ding thic

a2+ V+E A 4a? a+b b4+c cHa
a?+c?2 b24+a?2 2482 " a+c b4+a c+bd

Léi gidi. Khong mat tinh tdng quét, gia st ¢ = min{a, b, ¢}, ta c6

24 Ba Faad (a? — b?)?2 . (@2 — )12 — )
a2 + c2 b2 + a2 2 + b2 - (CL2 + c?)(b2 + C2) (a2 + b2)(a2 + 62)
atb b+c cta (a — b)? +(a—c)(b—c)
a+c b+a c+b (a+c)b+c)  (a+b)(a+ec)

Nhu thé, bat ding thiic tuong duong véi

5 (a—i—b)2 1
(a—8) ((a2 T2 +c2) (a+c)(b+c)>

(a+c)(b+c) 1
Tla=b-o ((a2+b2)(a2+02) - (a+b)(a+c)> =0
Ta c6
(a+b) RS Che ) :

(a+c)2(b+c)3? (a+c)b+c)

_(a+b)?—=(a+c)(b+c)
T @robror 2

(@ +2)(2+c2)  (a+c)(b+o)

Ta phai chitng minh
(a+c)?(a+b)(b+c)
(a2 +0%)(a® +c2) —

Do (a + ¢)? > a® + ¢2 nén ta chi can chiing minh

(a+b)(b+c)>a*+b?

Néub>a>cthitacd (b+c)(a+b)>bla+b)=b*+ab>a?+b* Néua>b>cthitacsd

(b4 c)(a+b) > ala+b) = a® + ab > a® + b*

115

Bat déng thitc dugc ching minh xong. Déng thitc xay ra khi va chi khi (a,b,¢) ~ (1,1,1) hoic

(a/7b? C) ~ (17 170)
VvV

118 Cho a,b,c la dp dai 3 canh ciia mot tam gidc, chiing minh ring

3(a®b 4+ b3c + c*a) > (a® + b* + %) (ab + be + ca)

Lyi gidi. Khong mét tinh tong quat gia st ¢ 1a s6 hang ndm gitta a va b, suy ra 2c¢ > max{a, b, c}.

Chi y ring
a*b+bc+ c*a—abe(a+ b+ c) = cla —b)*(a+b) +ala+c)(a——c)(b—rc)

ab® 4+ bc® + ca® — abe(a + b+ ¢) = c(a —b)*(a+b) +b(b+¢)(a—c)(b—c)

Nén bat ding thiic tuong duong véi

c(a—b)?(a+b) > (a—c)(c—b)(2a(a+c) —bb+c))



116 CHUONG 2. SOLUTION

Do ¢ 13 s6 hang ndm gitta @ va b nén theo bat ddng thic AM-GM, ta c6
(a—b)?*=((a—c)+(c=b)?>4(a—c)c—b) >0

Nhu thé, ta can chitng minh
4dc(a+b) > 2a(a+c¢) —b(b+c)

Hay
b? 4 5bc + 2a(c —a) > 0

Néu b > ¢ > a thi bat ding thitc 1 hién nhién, néu a > ¢ > b thi
b? 4 5be + 2a(c — a) > (a — ¢)? +5(a — ¢)c — 2a(a — ¢) = (a — ¢)(4c —a) >0
Bat ding thic dude chitng minh xong. Pang thitc x4y ra khi va chi khi a = b = c.
Q00
119 Cho cdic s6 thuc a,b, ¢, ching minh bit ding thitc
15a2b%c? + 12(a* +b* + ¢*)(a® + b + ¢*) > 11(a® 4 b° + ) + 30abc(a® + b° + )

Loi gidi. Chi y rang abe(a® +b% + ) < |a||b]|c|(|al® +|b]* + |¢|?) nén khong mat tinh tdng quat, ta chi
can xét a,b, ¢ > 0 13 dii. Ta cé bat ding thiic tuong duong

Z a® 412 204(a2 +b?) 4 15a%b%c* — 302@41)0 >0

cyc cyc cyc
Hay
<Z a® — 3a2b202> +12 Zc‘%a — )% — 6abc (Z a® — 3abc> >0
cyc cyc cyc
Dé thay
1
Z a® — 3a*b?? = 5(112 + b2+ %) Z(aQ —b?)?
cyc cyc
1
Za?’ — 3abc = §(a+b+c)2(a—b)2
cyc cyc

Nen bat ding thic tuong duong

Z(a —b)*((a+b)*(a® +b* + ) + 24c¢* — 6abc(a +b+¢)) >0

cye
Nhu thé, ta chi can chitng minh ring

(a+b)%(a* +b* + ) + 24¢* — 6abe(a +b+c) >0
D&t 2t = a + b thi ta co

(a+0)*(a® + b + %) + 24c* — 6abe(a + b+ ¢) > 4t2(2t2 + %) + 24c* — 6t2¢(2t + ¢)
= 2(4t* — 6t3c — t?c* + 12¢*)
= 2(t%(t — 3¢)® + 3(t% — 2¢%)? 4+ 2t2¢*) > 0
Bat ding thitc dugc chitng minh xong. Dang thitc x4y ra khi va chi khi a = b = c.

Q00
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120 Cho cic s6 khong am a,b,c,d théa a + b+ c+d = 3, ching minh bit ddng thitc
ab(b+c¢) +be(c+d) +cd(d+a) +da(a+b) <4

L&i gidi. Do vai trd hoén vi vong quanh nén khong mét tinh tdng quat, ta cé thé gid sit b = max{a, b, ¢, d},
khi do ta c6

ab(b+ ¢) + be(c + d) 4 cd(d + a) + da(a + b) < ab® + b(c + d)* + (¢ + d)a® + ab(c + d)
That vay, bat ding thiic tuong duong
cd(b—a)+d*(b—c)+a%c>0

Bat ding thiic nay hién nhién ding do b = max{a, b, c,d}. Nhu thé ta chi con chiing minh véi moi
z,y,z > 0théa z +y+ z =3 thi

zy? 4+ yz? + 22 +ayz < 4
Khéng mét tinh téng quét gia st y 14 s6 hang nim gita = va z, khi dé ta cé
z(y—z)(y—2z)<0
Suy ra xy? + za? < zyz + 22y, do d6

y+(§+2))3:4

xy2+yz2+zx2+xyz§y(;r+z)2§4(

Bat ding thiic duge chitng minh xong. Déng thitc xay ra khi va chi khi (a,b,¢,d) = (1,2,0,0) va
cac hoan vi tuong tng.

MV

121 Cho a,b,c la cdc s6 khon am théa a® + b? + ¢ = 1, chiing minh ring

1 a+b\’ 1 b+c\? 1 c+a\?
2 2 2
Loi gidi. Dat a+b+c=q,ab+bc+ ca = q,abc = r khi dé ta c6 p? = 2¢+ 1, ¢ < 1. Miit khéc, theo bat
2 _p2 — Z 2
dang thac Schur r > %: %.Bm dang thic tré thanh

> 8

27

19 (a+b)? (a+b)2@+c)?  (a+b)2%b+c)(c+a)?
ﬁ_z 4 > 16 64 =0

cyc cyc

Hay
460 9 3 9
§724q+3q —2¢° 4+ 16pr 4+ 2pgr —r* >0

Dé thiy day 1a ham déng bién theo r nén

460 16p°(4g — p*) | 2p°q(4q —p*)  p*(49 - 1)’
VT > —24q +3¢* — 2¢° -
< o7 q+ 39 q + 9 + 5 a0
1
= 8—1(1 —q)(98¢% — 725¢ + 1235) > 0

BAt ding thitc dugc chiing minh xong. Ding thitc x4y ra khi vi chi khi a =b=c =

=

VAV



118 CHUONG 2. SOLUTION
122 Cho cic s6 khong am a, b, c,d, ching minh bat ding thic

ab n be n cd n da < V@t )b+d
a+b b+c c+d d+a” are

Loi gidi. Ta c6 bat ding thic tuong duong

Z(a;b_ 2ab ) >a+b+ctd—2y(a+c)(b+d)

a+b

cyc

Z:(a—b)2 N (@—b+4c—d)?
2@t " (Vatet vhtd)

Stt dung bat déng thitc Cauchy Schwarz, ta c6

(a—b)? (c—d)? _ (a—b+c—d)? (a—b+c—d)?
+ > > 3
2(a+b+c+d) 2(Va+c+Vb+d)

2a+0b) | 2(c+d)

Tuong tu, ta co

(b—c)? (d—a)2>(a—b+c—d)2> (a—b+c—d)?
2(b+c¢) 2(d+a) T 2@+b+c+d) 2(\/m+\/m)2

Cong 2 bat dang thiic trén lai vé véi vé, ta c6 dpem. Déng thiic x4y ra khi va chi khia = b= ¢ = d.

(V)
123 Ching minh ring vdi moi sé duong a,b, ¢ ta cé bit ding thite
2+9+E - \/a2+02 +\/62+b2 Jr\/b2—|—aQ
b ¢ a Vb4 a? + b2 2+ a?
Loi gidi. Tru6e hét, ta chitng minh

a b a? 4 c2 b% + 2
25t 22\ mre T ara

cyc cyc cyc

That vay, dé chitng minh bét ding thic trén, ta chi can ching minh
a b 2 + 2 b2 + 2
a, by \/ a?+c \/ c
b a b% + 2 a? + c2

(a® — b?)? (a2 + 0% + 02) > 0 (dang)

Hay

Tré lai bai toan clia ta, gia sit bat déng thitc da cho khong ding, tic 13 ton tai a,b, ¢ > 0 sao cho

2+2
Y <X\pre

cyc cyc

Khi do, theo treén,

b 2+2 b2_|_2
Z%*Z;EZ Zz+;+§, a2+f:2

cyc cyc cyc
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Tt day va tit gia thiét phan ching, ta suy ra dugc

b Y
ZE>Z a2+22

cyc cyc

Mat khéac, bat dang thiic Deye s < 2eye \/ Z;i“; tuong duong véi
2 5\ 2
a a®+c
(=5) (Vi)
cyc cyc

a? b a’+ 2 b? + ¢2
R < et are
cyc cyc cyc

Hay

cyc

T day, suy ra

Z a® < a? + c?
b2 b2 + ¢2
cyc cyc

Nhu vay, dé din dén diéu mau thuin, ta sé chiing minh bat ding thiic sau

Z% zzzii Yo, v,t > 0

cyc cyc

That vay, dat v = 3,y = 3,2 = ﬁ thi ta c6 z,y,z > 0 va xyz = 1. Khi do, ta c6

utt l+azy 1—=x t+wv 1-=2 vtu 11—y

v+t 14y _SUJrl—l—y7 u—l—v_z+1+x’ t+u_y+1—|—z

Do dé bat ding thiic tuong duong

z—1 y—-1 2-1

>0
y+1 =2z+1 z+17
Hay
dr-D(E+1)(+1)>0
cyc
IETED DEED L
cyc cyc cyc

Stt dung bat déng thitc AM-GM va bat ding thic Cauchy Schwarz, ta cé

Zmy223xyz:3, ZxQZZx

cyc cyc cyc

Bat ding thitc duge chitng minh xong. Pang thitc xay ra khi va chi khi a = b = c.

Nhan xét. Ta c6 két qua sau v6i moi a,b,c,z > 0

g+é+£_ aw+cw 1/T+ Cx_'_bz 1/T+ bx+a1 1/z
b ¢ a \b*+c" a® + b* c® +a”

Dé chitng minh két qua nay, ta st dung mot két qua "rat dep" sau

Néu a, b, ¢, z,y, z 1a cac s6 duong théa man abc = zyz, max {a,b,c} > max{z,y, z} ,min{a, b, c} < min {z,y, 2}
thi
a+b+c>x+y+z



120 CHUONG 2. SOLUTION

That vay, khong mét tinh téng quét, gid sita > b > c,x >y > z,suyraa > z,¢ < 2. Do ¢ < z nén ab > zy.
Do dé, sit dung bat ding thitc AM-GM, ta c6

b b
a+b+cfzfyfz=(mfy)<%fl>+(yfz)(%+572>+z(%+§+273)

> (y—2) (2\/72>+z<33 ab03) >0
zy \l Yz

a+b+c>x+y+z

Suy ra

Tt két qua nay, v6i chi ¥ riang

a b c az + Cav 1/z C:E + bz 1/x b_L + a:v 1/z
—. 2.2 = . . =1
b ¢ a b= + ¢ a® + b® c® +a®
a®+ N\ e\
> max , , -
- br+cx az+bz c® + a®
az_'_cz 1/ Cz+bx 1/x bx+az 1/x
< max , ,
- b* +c* a® + b* c* +a”®

MV

Ta di dén két qua nhu trén.

124 Cho cic sb khong am a,b,c théa a + b+ c =5, ching minh bit ddng thitc
16(ab + b*c + c*a) + 640 > 11(ab® + be® + ca®)

Loi gidi. Khong mat tinh tdng quét, ta chi can xét trudng hop a < b < ¢ 1a da. Khi dé, bat ding thiic
tuong duong

128 f
f(a) =16(a®b + b2c + c2a) + ——(a+b+c)* — 11(ab® + bc® + ca®) > 0

125
Ta c6 519
f'(a) = 16(3a®b + *) + ﬁ(a +b+¢)® — 110 + 3a*c) = g(c)
Lai c6
1536
g'(c) =48 + ﬁ(a +b+¢)? —33a% >0

Suy ra g(c) 1a ham dong bién. Do do,

f'(a) = g(c) > g(b) = 5b® + 15a%b + %i(a +20)> >0

Do d6 f(a) 1a ham dong bién. Vay,

f(a) > £(0) = 515(413 —¢)?(8b” + 16bc + 128¢%) > 0

Bét déing thitc duge ching minh xong. Déng thitc x4y ra khi v& chi khi @ = 0,b = 1,¢ = 4, va cac
hoén vi tuong tng.
Q00

125 Cho cic sé duong a,b, ¢, ching minh bat ding thic

1 1 1 1 1 1
. >
a+b+c <a+b+b+c+c+a>_ab+bc+ca+2(a2+b2+cz)
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Loi gidi. Ta c6 bat ding thic can ching minh tuong duong véi

Zab—l—br—&—t’a Z N (a+b+c)(ab+ be+ ca)
b+ec T 2(a? + b2 4 ¢2)
cyc
Hay
be N (a4+b+c)(ab+ bc + ca)

p b+c 2(a? + b2+ c?)

Stt dung bat déng thitc Cauchy Schwarz, ta c6

be S (ab + bc + ca)?
p b+c¢ ~ be(b+c¢) + calc+ a) + aba +b)

Do d6, ta chi can ching minh

2(2) (£) 2 () (o)

Zab(a2 +v%) > 22a2b2

cyc cyc

Hay

Bat ding thic nay hién nhién ding theo bat ding thic AM-GM.
Bat déng thitc dugc chiing minh xong. Déng thitc xdy ra khi va chi khi (a,b,c) ~ (1,1,1) hogc
(a,b,¢) ~(1,1,0).

\ViVIV)

126 Chitng minh ring vdi moi s6 khong am a,b, c,d ta cé

1 1 1 1 1 1 243

>
a3+b3+a3+c3+a3+d3+b3+c3+b3+d3+c3+d3 “2(a+b+c+d)?

Lyi gidi. Khong mét tinh téng quat, gid sit a > b > ¢ > d > 0. Khi d6, ta c6

3 3
a® +0° < <a+g> +(b+C§l)

1 1
>
I @ D O 4

Suy ra

Tuong tu, ta co
1 < 1 1 < 1
T @ D) T o ) e )

Mzt khac, d& thay
d 3
(a + §> >a®+d’

Suy ra
1 S 1
3 3 — d\3
@ (0t g)
Tuong tu
1 1 1 1




122 CHUONG 2. SOLUTION

Do do { {
VTZZE#—ZW

cyc cyc
trongdoz=a+ % y=b+% 2=c+ 4

Ta can chiing minh
243

1 1
— >
D i

cyc cyc

Z iJriJr 2 S 243
2y 34+ yd) T (e ty+2)?

cyc

Hay

St dung bat ding thitc AM-GM, ta c6

1+1+ 2 o3 2 =37 2
2 By T\ BBt ) T\ 3R —ay + ) (@ +y)
2
>3

24
N ; 2_, 21\ 4 T+ 3
(3£y+(x . zy+y )) (z +y) ( Y)

Tuwong tu
1 1 2 24 1 1 2 24
E+;+y3+232(y+z)3’ ;+ﬁ+z3+m32(z+x)3
Suy ra
1 1 2 1 84
;(ﬁﬂﬁ*xuyﬂ*) SR SY v R e Ry
S 243
T (z+y+2)3

Bét dfing thic dugce chitng minh xong. Déng thitc xay ra khi va chi khi (a,b,¢,d) ~ (1,1,1,0).
Q00

127 Chiing minh rang vdi moi sé6 khong am a,b,c,d ta cé

1 1 1 1 12
>
P R R R N N R e e (a+b+c+d)?

Loi gidi. Khong mét tinh tdng quat, gid st @ > b > ¢ > d > 0. Khi d6, ta co

d\? d\? 20a+b d d
(a+c—|2— ) +(b+c—'2_ ) f(a2+b2+02):((a+ )+§+ e+ )70220

Suy ra

Tuong tu, ta co

Lai c6
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Suy ra
1 1
02+d2+a22 ctrd) 2
(a+9)
Tuong tu
1 1
d?+a?+b22 b ckd)?
(b+ %)
Do dé6

1 1 2
+ -
) ) @5 0 )

Dat u=a+ <%, v ="b+ <2 thi ta c6 u,v > 0. Ta can chiing minh

VT >

1 1 2 12

w2 02 w242 T (u+v)?

Sit dung bat déng thitc AM-GM va bat ding thic Cauchy Schwarz, ta cé

1 n 1 n 2 S 2 n 2 _ 1 n 1 n 1
w2 2 w2402 T w2402 w u?2 +v2 2w uv

N 8 n 4 12
T2+ 2w (utw)? (utw)?

Bét ding thic dugce chitng minh xong. Ding thitc xay ra khi va chi khi (a,b,¢,d) ~ (1,1,0,0).

Nhan xét. Bing cach lam hoan toan tuong ti, ban hiy gidi bai toan sau: Tim gi4 tri nhé nhat nhat cla
biéu thtic L
P(a,b,c,d) = ; P

véi a’b’67d207a+b+c+d:2,’n2m;ﬁﬁ.

(V)
128 Cho cic s6 duong a,b, ¢, ching minh bit ddng thitc
a(b+c) \/b(c+a) \/ (a+b) 1
\/a2+bc+ bZ+ca+ c2+ab (f+\[+\[) \f \[ \f
Loi gidi. Binh phuong hai vé ciia bat dang thiic trén, ta duge bat déng thic tuong duong

(£V) < (2 ()

cyc

Hay
cla+b) (b+c¢) a+b
<3
;rz—i-ab Z\/aQ—i-bc V(b2 +ac) — +§m
Ta c6
(a® + be) (b? + ac) — abla+ c)(b+c) = cla — b)*(a+b) >0
Suy ra

ab(a+ ¢)(b+c)
(a? + be)(b? + ac) —

Va nhu thé

Z ab(a +¢)(b+c)
(a? +be) (b2 +ac) —

cyc
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Do d6, ta chi can chitng minh

a+b cla+0b)
; Ey;cngab

Nhung bat déing thiic nay hién nhién dang vi theo bat ding thitc AM-GM, ta c¢6

a+b cla+b) B a+b cla+b)
Z Vab _ZCQ+CLb _3_Z<\/% 2 +ab _1)

cyc cyc cyc
Z(a—}—b c(a +b)71>
e Vab  2vabc?
2
3 (‘[ B \/B)
=N 7 >y
cyc 2\/%
BAt ding thitc duge chitng minh xong. Dang thitc x4y ra khi va chi khi a = b = c.
(V)
129 Chatng minh rdng vdi moi s6 duong a, b, c thi
a? — be b? — ca c® —ab

+ + >
VaZz +202+3c2  ViZ+22+3a2 V2 + 2a2 + 3b2
Loi gidi. St dung bat ding thiic Cauchy Schwarz, ta cé

8(a? — be) 8(a? — be)
= +b+c|—2 a
Z 6(a? + 2b% + 3¢?) Z ( 6(a? 4 2b + 3¢?) Z

cyc cyc cyc

_Z 8(a? —be) + (b+c) (a2+2b2+302)722a
6(a? + 2b2 + 3¢?)

cye cye

>Z 8(a? —be) + (b+ ¢)(a +2b+30)_22a
s 6(a? + 2b2 + 3¢2) o

:ZSa +ab + bc+ ca + 2 Z (b—c)? —22@
s 6(a? + 2b% + 3¢?) e V/6(a* 420 + 3c?) s

Do d6, dé chiing minh bat déng thiic da cho, ta chi can ching minh

2 2
Z&z +ab+ bc+ ca+ ¢ Zz\/éza
a? + 2b% + 3c?

cyc cyc

St dung bat dang thitc Holder, ta dugce

vr? |11 (Z a2>2 +21) " a?? +6 (Za2> (Z ab>

cyc cyc cyc cyc

=VT? (2:(5%2 +ab + be + ca + ) (a* + 2b* + 302)>

cyc

3
> (Z(Saz + ab 4+ be + ca + 02)>

cyc

=27 (3Za2+zab>3

cyc cyc
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Do d6, ta chi can chitng minh

9 <3Za2+zab)3 > 8 (Za)2 11 (Za2>2+212a2b2+6 (Za2> (Zab)

cyc cyc cyc cyc cyc cyc cyc

Do day 1a mot bat déng thitc dong bac véi a, b, ¢ nén khéng mét tinh téng quat, gid sit a+b-+c = 1.
D&t ¢ = ab + be + ca,r = abe thi ta co % > ¢ > 9r > 0. Ngoai ra, sit dung bat ding thic Schur, ta
duge r > 4(’T71. Bat ding thiic trén trd thanh

9(3 — 5¢)° > 8(11(1 — 2¢)? + 21(¢* — 2r) + 6g(1 — 2q))

Hay
—1125¢% + 1601¢% — 911¢ + 3367 + 155 > 0

Bat ding thiic nay hién nhien ding vi

—1125¢% 4+ 1601¢> — 911¢ + 3367 + 155 > —1125¢° + 1601¢> — 911q + 336 - +155

4qg -1
9
1

= 5(1 —3¢)(1125¢% — 12264 + 353) > 0

Vay bét ding thiic can chiing minh ding. Ding thitc xay ra khi vi chi khi a = b = c.
(V)
130 Cho cic sb duong a,b,c théa a + b+ ¢ = 1, ching minh bit ding thic
2 2 2 2 2 2)2
(-2) +(G-2) +(E-2) > o tonsiass
Loi gidi. Dat x = a®> + 0>+ thi dé thiy 1 > z > %, do d6 (x —1)(3z — 1) <0, suy ra 4z — 1 > 322

Ta lai c6
Za2b2 > acha = abc

cyc cyc

Do dé6
4z —1) (Z a262> > 3abex?
cyc
Mat khéac, ta lai c6

4x71:Z(b+cfa)2

cyc

St dung bat dang thitc Chebyshev, ta dugc

SZbQCQ(b—i—c—a)2 > <Z(b+c—a)2> <Zb202>

cyc cyc cyc

Do dé
Z b2 (b + ¢ — a)? > abea?

cyc

Z b2c*(1 — 2a)? > abex?

cyc

1 2 a2
Z_9) >
Z(a > ~ abe

cyc
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Theo bat didng thic AM-GM thi
1-a)1-=0b1—-¢c)=(a+b)(b+c)(c+a) > 8abc
Do dé6

1 2 o Q2 8 (chc a2) ’
Z<E‘2> Zae S U-ai-Hi-0 (-a0-bl-0

cyc

Bét déng thitc duge ching minh xong. Déng thiic x4y ra khi va chi khia =b=c = 1.
VIV
131 Cho cic s6 khong am a,b,c,d théa a + b+ c+d = 1, ching minh bét ddng thic
la* = b* 4+ ¢* — d* — 2a°c? + 2b°d* + 4ab’c + ded?a — 4bc*d — 4da®b| < 1
Loi gidi. Ta c6 bat ding thiic can chitng minh tuong duong
‘(a2 - 02)2 o (G d2)2 + 4ac(b — d)? — 4bd(a — 0)2‘ <1
Hay
< f(a,b,c,d) <
trong d6 f(a,b,c,d) = (a® — c2)2 (v? ) + 4ac(b — d)? — 4bd(a — c)?. Khong mét tinh tdng

quat, glasua+c§b+dth1taco12b+d2 > a4+ c > 0. Khi doé, ta cé

Fla,b,e,d) — f (“T“b “T“d) —(a—)?((a+¢)? = (b+d)?) <0

Hay

Fla,b,c,d) §f<a;c,b,a;c,d) — (b= d)?((a+¢)? — (b+d)?) <0

Tuong tu, ta co
fla,b,e,d) = fa+¢,b,0,d) = dac((b+d)* = (a+¢)*) > 0
Suy ra

f(a,b,c,d) > fla+¢,b,0,d) = (a+c)* — (b? — d*)? — 4bd(a + c)*
=(1-8)*"—S%(S? —4P) —4P(1 — S)?
=45%(1-8)+2(S—1)?+4P(25S -1)-1> —1

Bét déng thic dugce chitng minh xong. Ding thitc xay ra khi va chi khi (a,b,¢,d) = (1,0,0,0).
(ViVIV)

132 Cho cic sb duong a,b,c, ching minh bit ding thitc

ab(a® +bc)  be(b® 4 ca)  ca(c? + ab)
b+c c+a a+b
Lyi gidi. Sit dung bat déng thiic AM-GM, ta dugc

ab(a* + be) ab(a? + be) bc(b2 + ca)
(Z b+> 23y (™ )

b+c c+a
cyc

> /3abc(ab? + be2 + ca?)

cyc

b(a? + be)(b? + ca)
= 3abc
= 3a Z (a+e)(b+c)

cyc



Do d6, dé chiing minh bat ding thiic da cho, ta chi can ching minh

b(a? + be)(b? + ca)
Z (a+e)b+c)

> ab? + be? + ca®

cyc

b(a? + be)(b? + ca) b
;( CEDIET) b)zo
Z be(a — b)%(a + b)

@robta =0 e

cyc

Vay bét déng thiic can chiing minh ding. Ding thitc x4y ra khi v& chi khi a = b = c.

AV

133 Tim hing s6 a nhé nhét sao cho bat ding thic sau

3—a

<m+y+z>a(:ry+yz+zx> 2 > (x+y)y+2)(z+x)

3 3 8

diing vdi moi s6 thuc duong x,vy, 2.

127

Loi gidgi. Choxr =y =1,z — 0, ta suy ra dugc a > % = ag ~ 1.81884... Ta sé chiing minh day
1 gid tri can tim, titc 14 chitng minh
3—ag

<x+y+z>“° (my+yz+zm> > (x+y)(y+2)(z+ )

3 3 - 8

Vi day la mot bat ding thitc dong bac véi x,y, 2z nén ta c6 thé chuan hoéa cho z +y + z = 1. Dat

q = ab+ bc+ ca,r = abc thi % > q > 9r > 0. Bat déng thiic can chiing minh tré thanh

8 3—ag
2

r+ q‘q'fau —q Z 0

3
Xét 2 truong hgp
Trudng hop 1. 1 > 4¢q > 0, khi d6

8@137;0 Sq:ii%a 3—aq 8
Ty e yEe e (gEm e

ag—1
3—aqg 8 1 2
= <3 -(3) ) -

Truong hgp 2. % >q> i, khi d6, 4p dung bat ding thiic Schur, ta c6 r > % > 0. Do dé
3—ag 3—ag 3—ag

8q 2 >4q—1 8q 2 8¢ 2 5 +1

r—+ 3+ag —q= 9 33+% —q= 334% — =
Ta co 43 ) 5

— ag

@)= a=—am g
@ = w5

Dé dang kiém tra duge f'(q) la ham dong bién, lai ¢6 f'(3) <0 va f/(3) > 0, do d6 ton tai duy

11

nhit ¢ € (17 g) sao cho f'(qo) = 0. Tt day, ta dé dang kiém tra dugc

s ()5 ()
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Nhung f () = f (3) = 0. Do d6
fl@) =0

BAt ding thitc dugc chitng minh hoan toan. Vay

~3In3—-4In2
2ln2 —-In3 °

Gmin =
VIV
134 Cho cic s6 khong am a,b, ¢ théa a® + b? + ¢ = 1, chaing minh bit ding thitc

<% 4 b 4 c 3
“V1+be Vi4+ca V1+ab 2

Loi gidi. Trude hét, ta sé chitng minh

v v1+ bc
That vay, st dung bat ding thiic AM-GM va bat ding thiic Cauchy Schwarz, ta c6
2 2
DI R M e i D S
1+bc a 1+bc 1—|—a2—|—bc 2+ab+bc+ca

cyc
2(a + b+ c)?
=~ 2+4(ab+bc+ca)

Tiép theo, ta sé& chitng minh
3
Z v1+be 5

cyc

St dung bat ding thic Cauchy Schwarz, ta cé

(o) (2 e

cyc cyc

Bay gio, ta sé chiing minh

a a
<
gl—kbc_;(a—i-b)(a—&-c)

That vay, ta c6
a a(d? + ¢ — ab — ac)
Czy;(a+b)(a+c)_zl+bc Z (14 bc)(a+b)(a+c)
( ca cfa) 3 ab(a — b) )
1+bc)(a+b)(a+c) (1+bc)(a+b)(a+ec)

(
< ab( a—b) B ab(a — b) )
1+ca)b+c)b+a) (1+bc)(a+b)(a+c)
ab(a — b)%(a® + b?)
(14 ac)(1+bc)(a+b)(b+c)(c+a) 20

M

cyc

M

%M

Nhu thé, ta dugc

a _ 2(a+b+c)ab+bectca) 9
(Zsflﬁ—bc) (Z};)(Z a+b)(a+c)> @+b)(b+octa) —4

cyc cyc cyc
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Suy ra

M
<
e}
—
+ Q
o
s
IN
N W

Bai toan dugc gidi quyét hoan toan. Ding thic & vé
déng thic & vé phai x4y ra khi va chi khi (a,b,c) = (i L %) )

(V)
135 Cho a,b,c la cic s6 khong am, ching minh bét ding thic

a(b+c) b(c+ a) c(a+0) abe(a+b)(b+ c)(c+ a)
\/b2+c2 +\/02+a2 +\/a2+b2 SR\RR 1+4\/(a2+b2)(b?+c2)(c2+a2)

Lo gidi. Ta co

a(b+ c) ZWwa—bFW”+W+28%+&%%2>O
po 242 T (a% +b2)(b2 + 2)(c? + a?) -
a(b+c) blct+a) 1= 2abc((a + b+ ¢)(a? + b? + ¢?) — abc) >0
e 2+ 2+a? = (a2 + 2)(2 + 2)(2 + a?) =
Suy ra,
a(b+c)
b2 42 —
cyc

alb+c) blc+a) 51

b2+c2 2+a?2 ~
cyc

Dat z = 4/ %gf’j;),y =4/ i(QC::27z = w/fl(fiﬁ;), thi ta c6 z,v, z > 0 va theo trén, ta dugc

24y +22>2

$2y2 +y2z2 +22x2 >1

Do dé
(x+y+2)?2 =22+ + 22+ 2y + yz + 22)
> 24 2(xy + yz + z2x)
=24 2v/22y2 + 4222 + 2222 + 2wyz(z + y + 2)
> 24214 2zyz(z 4+ y + 2)
Suy ra

(x4+y+2)°2>22+2V/1+2zyz(z +y + 2)
Chi ¥ ring z,y, z > 0 nén titr day, ta c6
(+y+2)?=>4

Hay
z+y+z22>2

(x+y+2)?>2+2y/1+ 4wy
THyYy+2z22>1/2+2/1+4zyz

Day chinh la bat ding thiic da cho, vay ta c6 dpecm. Ding thiic xay ra khi va chi khi (a,b,¢) ~
(1,1,0).

Va nhu thé, ta dugc

Hay

Q00
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136 Cho a,b,c la cic s6 thuc duong, chitng minh rdng

a®+ b3 4¢3
a? 4+ b2 + ¢?

a?—ab+b b2 —bc+c? A —ca+a®
_|_
a+b b+c c+a

3
> .
-2

Loi gidi. Ta c6 bat ding thiic can chiing minh tuong duong véi

Z 4(a® — ab + b?) - 6(a® + b + )

a+b T a2+ 02+
cyc
Hay
4(a? — ab + b?) 6(a® + b3 + ¢?)
_ by | > ~——->--—"-_-2-2 b
Z( a+b (a+?)) 2 a? 4+ b2+ ¢? (a+b+c)
cyc
sa—t) _ 2(Teela—b2a+0))
> >
poo a+b a? 4+ b2 + 2
> Salb—0¢)* =0
cyc
trong do
3a% + b% + ¢ — 4bc a? 4 3b% + % — 4ca a? 4 b 4 3¢ — 4ab
SLL = I Sb = 9 SC =
b+c c+a a+b
Khong mét tinh téng quat, ta co thé gid sit a > b > ¢, khi d6 ta dé dang kiém tra dugc Sq, Sy > 0.
Ta c6
Sy S, = 112—&—3132—1—02—4&1+ a® +b% + 3¢ — 4ab
c+a a+b
N a? +30% +c? —4ca  a®+b* 43¢ —4ab  2(a—b—c)? >0
- a+b a+b - a+b -

Doa>b>cnén (c—a)? > (a—0b)2>0.Dodé

> Salb—)® = Sp(c— a)® + Se(a —b)* > (Sp + Se)(a—b)* > 0

cyc

Vay bat ding thitc can chiing minh ding. Déng thiic x4y ra khi va chi khi (a, b, c) ~ (1,1, 1) hoiic
(a,b,c) ~(2,1,1).
VvV

137 Chatng minh rdng vdi moi s6 duong a,b,c > 0 théa abc = 1, ta c¢é bat ding thic

1 1 1
>1
GtaZ " x02 "7 Tagogeri™

Li gidi. Dat x = 152,y = {57, 2 = 15<, khi d6 ta ¢ z,y,z € [-1,1] va

(1-2)(1-y(l-2)=>0+2)1+y)(1+2)
Suy ra
r+y+z+ayz=0
Dat g = ab + be + ca va r = abe ta duge |r| < 1. Ta ¢

222 = (wty+2)? =2 +y? + 2242
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Do do
2¢ = 2%(y?2* — 1) —y* — 22 <0

Mat khac
2=y’ —1) —y* =22 > ()P 1) —y* - 2°
=22 -1 —22 1> 1) -2 —1=-2
Nhu vay, ta duge 0 > ¢ > —1. Trd lai bai toan cla ta, bat ddng thitc tuong duong véi
4

(+1D2+ @+ 12+ (z4+ 1)+ T i 24
1+m+m+1+z

1
r2—2r—2q+ﬂ21
1—-r

fry=—r*+3r" —r+q2r—1)>0
Xét 3 trusng hgp
Trudng hop 1. Néur > 1 thi
fo)==r+3r —r+q@r-1)>—r*+3% —r—(2r-1)=(1-7)*>0
Trudng hgp 2. Néu r < 0 thi
flr)= —T3+3T2—’r‘+q(27’—1) > 3432 - = —T(r2—3r+1) >0
Trudng hgp 3. Néu 2 > ¢ > 0, khi d6 sit dung bat déng thitc AM-GM, ta cé
2

? = 2%y? + Y2 2% + 222 4 2wyz(x +y + 2)
2,2 2

= x2y2 + y222 + 2222 — 2 Yz
> 3/ atytzt — 20?2 > a2t = o2
Suy ra |¢| > |r| hay ¢ < —r. Do d6
fry==r343r —r+q@2r—1)> —* + 3 —r —r(2r — 1)
= 7‘2(1 -r)>0

Nhu vay, trong moi trudng hop, ta luon cé f(r) > 0. Bat déng thiic duge chitng minh xong. Déng
thitc x4y ra khi va chi khi a =b=c¢ =1 hodc a = b — +00,c — 07 va céc hoan vi tuong ting.

Q00

138 Cho cdc s6 duong x,y,x théa x + y + z = 1. Chitng minh ring

Va2 +zyz + Vi +ayz + /22 +ayz >\ a2+ y2 + 22 + xy 4+ yz + 2z + 2431y

Loi gidi. Ta c6 bat diing thiic can ching minh tuong duong véi

(ZM)Q > 2+ ) ay+2y/3ayz

cyc cyc cyc

22 Very(z +yz)(y + zx) > ny — 3zyz + 24/3zyz

cyc cyc
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Stt dung bat ding thic Cauchy Schwarz, ta cé

2y/xy(w +yz)(y + 22) = 2/ ay(a(z + y + 2) + y2)(y(z + y + 2) + 22)
=2(z+y)Vay(x+ 2)(y + 2)

=2(z +y)Vr2y? +zyz > (z +y) (zy + \/Sxyz)
=ay —zyz+ (x +y)\/3zyz

Tuong tu, ta co

2V/yz(y + 22) (2 + xy) > yz — xyz + (v + 2)/3wyz

20/ zx(z + zy) (x4 y2) > 20 — zyz + (2 + x)/32y>2

Do do6

QZ Vay(x +yz)(y + zz) > Z (xy —xyz + (x+y)\/3xyz)

cyc cyc

:ny—&ryz-l—Q\/%

cyc

Vay bt déng thiic can ching minh ding. Déng thiic x4y ra khi va chi khi 2 =y =z = 3.

Q00

139 Chiing minh rang néu x,y, z la cdc s6 khong am théa x% +y* + 22 =1 thi
) > ! + ! + L >
m o f/ z+y\2 i/ y+z\2 i/ zt+z)2 - \3/6
1-(%34) 1-(%%) 1-(55%)

2 2

Loi gidi. Trude hét, ta sé chiing minh

1 1 1
3 T+y 2 + 3 y+z 2 + 3 z+x 2 2
- Y-’ e

That vay, khong méat tinh tdng quat, gia st « > y > 2z > 0, khi dé

1 1 1
=1, + 2
-y e YT - e o))

Nhu thé, ta chi cAn chitng minh ring
2 2
92— r+vy R +z <3
2 2

2< (@ +y)? + (z+2)?

22y + 2wz > y? + 2% (ding)
Ta con phai ching minh
9 S 1 n 1 n 1
VBT et - -y

2 2
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Stt dung bat ding thic Holder, ta chi cin ching minh

]

—
IN
| ©

PN
aye 1= (%)
Hay
T+ 2
) (LyQ .3
- ()
Stt dung bat déng thitc Cauchy Schwarz, ta c6
T+, 2 T+, 2
(=) 2= @ty
1— () 7 2= (@2 +y?) 2@ 422+ (v* +27)
1 1.2 y2
< =
-2 <x2+22 +y2—|—22
Suy ra

Z(Igy):§12< 22 >:§
71— (Ey) 24 22422 y? 422 2
Bat ding thitc dugce ching minh xong. Dang thitc § vé trai xay ra khi vichi khiz =y = z = %,
déng thic ¢ vé phai x4y ra khi va chi khi (x,y, 2) = (1,0,0).

Q00

140 Chiing minh rdng vdi moi s6 khong am a,b,c théa a +b-+c=1,

a b c 3
+ + < —=
Via+502  VAb+ 52 Vdce+5a2 T V17

Loi gidi. St dung bat ding thic Cauchy Schwarz, ta cé

2
a a a
(zy: \/4a+5b2> = (Ea> <§4a+5b2> :§;4a+5b2

cyc

Ta can chitng minh
a 9
>
4a + 5b2 17
cyc

Hay

S marig T >
da(a+b+c)+ 502 — 17

cyc

Lai sit dung bat déng thitc Cauchy Schwarz, ta dugc

> b? - (a® + b + ?)?
da(a+b+c)+5b* — 30 b*(da(a+ b+ c) + 50%)

Ta can chitng minh
17(a® + > + ¢*)? > 3 b*(da(a + b+ ) + 50°)
cyc
Hay
17(a® + 0>+ ¢*)? > 15 a* +12) a’b® +12) ab® +12> a’be

cyc cyc cyc cyc
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134
Hay
Za4 + llzasz > GZab3 + GZCLQbC
cyc cyc cyc cyc
1
3 Z:(a2 —b? + 2ab + 2bc — 4ca)? > 0 (ding)
cyc

Bét déng thitc duge ching minh xong. Dang thic x4y ra khi va chikhia =b=c= %

(V)
141 Tim hing s6 k = k(n) 1on nhdt sao cho bat ding thicc sau diing véi moi s6 thuc a1, as, ..., an
al + a3+ +a, > k(n)(aras + azaz + -+ + an_1ay)
e e sin nz—"l sin T:‘—L 1 _ . . 1
Loi gidi. Cho a1 = 1,02 = PRI e ta duge k(n) < . Ta sé ching minh cos

13 gi4 tri can tim, tic 13

1
a%+a§+...+aiz - (a1a2—|—a2a3+-~-+an,1an)

Nhung diéu nay 1a hién nhién vi

. n n—1 n—1 sin km in (k+1)m 2
2 cos Zai - QZ%%H = Z ntl ( ntl g — akH) >0
- (htl & =z
n+14 k=1 k=151 ( n+1)7r sin 275
Bét diing thic duge chitng minh xong. Vay
1
k(n) =
(n) cos nLH
(VAVIV)

142 Véi moi s6 duong a,b,c, ta cé

2 2 2
i/a +bc+§/b +ca+</c —l—abZ Yt bt

b+c c+a a+b

Loi gidi. Truée hét, ta chitng minh
s/2(a? + bc) < s/ (a+b)(a+c)

b+c — po b+c
Hay
ZMa(a —b)a—c)>0
trong do
M= 1
C Yhye (VA b0 + /20 + be)(a+ b)(a+ ) + /{a+ b2(a+cP?)
W 1
) —
Jeta ({‘/4(b2 Fea) + Y2002 + ca)b+ o) (b+a) + /b + )20 + a)z)
1

M. =
Va+b ({‘/4(02 +ab)2 + {/2(c2 + ab)(c+a)(c+b) + {/(c+a)2(c + b)2)
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Khong mét tinh téng quét, gid st a > b > ¢ > 0, khi d6 ta c6

a(a® 4+ be) > b(b? + ca), a(b+c) > blc+ a), a—c>2

Nhu thé, ta dugc aM, > bM,, do do

> My(a—b)(a—c) > Ma(a—b)(a—c)+ My(b—c)(b—a)

_ aMa(a —bb><b— ) 4 My(b— )b - a)

(a—b)(b—c)(aM, — OMy) -0
b >

Tir day, dé ching minh bat ding thic da cho, ta chi can ching minh bat ding thic sau véi z, vy, z
la do dai 3 canh ctia mot tam giac

ﬁJr%Jr%z V(@ +y? + 23)

z x
Hay
ZSz(x—y)QZO
cyc
voi
30,2 212 3
3
Sx:x(y Ty ¥ Z) +ifxfyfz
2y323 Yz
30,2 2\2 3
(2 o+ 2?) 3y
Sy = 22323 +Z—x—y—z
32 212 3
+ oy + 3
SZ:z(w Ty y)+i_x_y_z
2x3y3 xy

Khong mat tinh tdng quat, gid st @ > y > z, khi d6 ta dé thay S, > S, > S.. Mat khac, dit
t=Y2>2 ta3¢6
=2 =

3y2(22 4+ zz +2%)  323(x? +xy +y?) N 3(yt 4+ 24
22222 2222 Yz
3y +2%) | 9yt +2) | 3(y° +27)
222 2xyz 29222
33 ot? 3t3 + 92w — ta® — 223
R L VI TP ) Pt st
x x

3 2
3 mE) P () - =
8

S, + 8. > —2(z + 2t)

—2(z +2t)

22

> 72
Do dé6 S, > S, > 0. Tt day ta c6 dpcm. Dang thifc xay ra khi va chi khi a = b = c.

MV

143 Cho cic 6 khong am a,b, ¢, ching minh bat dang thic

b2 2 2\ 2 2\ 2 12(a3 4 B3 3
a+ — + b+i + C_|_a7 Z(G—i——M
c a b a+b+c
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Loi gidi. Bat ding thic tuong duong
) ab (a® 4+ b® + ¢?)
2 -~ @ 7
Za + Z c Z b2 - a+ b+ ¢
cyc cyc cyc
Sit dung két qua bai toan 35, ta c6

ab2 2b2+b202 +02a2 a* + b* +c
2 ~3% ab e rrres S
Z ab+ bc+ ca Za7 ZbQ_ 2a2+b2+(’2 Za

cyc cyc cyc

Mit khac, sit dung bat ding thic Cauchy Schwarz, ta c6

Z a + b3 + 63)2
b2 — (12b2 + b2¢2 + c2q2

Suy ra
a* _ 15(a* +b* + ) Z 2 ad + b2+ c3)?
b2~ 4(a? + b2 + 2) (12b2 + b2c? + c2a?)

cyc

Nhu thé, ta chi cAn chitng minh

15la* + b+ c*) 2@+ 0+ ) 60(a?b? + b + c?a?) +Z u 122 ab > 340343
a? 4+ b2 + 2 a?b2 4 b2c2 + c2a? ab + be + ca a+b+c

cyc cyc

Khoéng mét tinh téng quat, gia st a +b+c = 1, dit ab+ bc + ca = 3q r =abc (1 > ¢ > 0) thi ta

6 w > r > max {0, W}, bét ding thic tré thanh

2 .
(37 + 117¢% — 34¢*)r? — ﬁu — ¢*)(24¢5 — 304¢* + 65¢° + 44)r

N (% — 1)(175¢® — 418¢5 + 159¢* + 20¢% — 17)
243

>0

Chi y ring (¢% — 1)(175¢% — 4184¢° + 159¢* + 20¢®> — 17) > 0 nén
+, Néu 24¢5 — 304¢* 4 65¢° + 44 < 0 thi bat déng thtic 14 hién nhién.
+, Néu 1 > 2¢q, ta c6

(1+q)*(1 - 2q>>2

VT > (37 +117¢% — 34¢%) ( 5

2 1—¢q)%(1+2
— —(1—¢%)(24¢° — 304¢* + 65¢° + 44)w

27 27
N (g% — 1)(175¢® — 418¢5 + 159¢* + 20¢% — 17)
243
(g + 1)(6 + 22¢ + 22¢° + 38¢> 4 228¢* — 164¢° + 563¢° + 341¢" — 964%)

729 -

+, Néu 1 < 2¢ va 24¢° — 304¢* + 65¢> +44 > 0, suy ra 3 > g > 1, ta ¢6
(1-9)*(1 +29)
= 27
(g% — 1)(175¢® — 418¢5 + 159¢* + 20¢% — 17)
+
243
(11— 4?)(96¢° — 381¢® — 121647 — 61845 + 260¢° + 521¢* + 1764> + 74¢> — 37)

729

2
VT > —E(l —¢*)(24¢% — 304¢" + 65¢> + 44)
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Ta c6 thé dé dang ching minh duge 96¢° —381¢® —1216¢7 —618¢5+260¢° +521¢*+176¢% +74¢%—37 >
0 véi moi ¢ € [3,3]. Vay bat dang thic dugc ching minh xong. Déng thitc xay ra khi va chi khi
a=b=rc.

VAV

144 Cho cic s6 khong am a,b,c théa ab + be + ca = 1, ching minh bat ding thic

1 1 1
+ + > 2v/2
Va+bc Vb+eca e+ab

Lyi gidi. Khong mét tinh téng quat, gid sit a > b > ¢ > 0. Khi d6 dé thiy a > —-. Xét 2 trudng hop

V3
Trudng hop 1. ¢ > 2. Dt t = \/(a+b)(a+¢) —a. Khi d6 t > 0 va

2+ 2at =1 (2.6)
Chi ¥ ring (a +t2) — (a+be) =2 —bec = a(va + b — v/a +¢)? > 0 nén
1 1
> 2.7
Va+be T Va+t? @7
Ta sé chitng minh
1 1 2
(2.8)

+ >
Vb+ca  Ve+ab T (/tla+1)
1 1 2
+ >
Vb+ca Ve+ab — {/(b+ ca)(c+ ab)

theo bat ding thitc AM—GM nén ta chi can chitng minh #?(a + 1)? > (b+ ca)(c + ab). That vay, ta
co

t2(a+1)% = (b+ ca)(c+ ab) = ala + 1)*(Va+b— Va+ ¢)* — a(b — ¢)?
_ alb—c)?[(a+1)? — (Va+b+ Va+c)?
(Va+b++Va+c)?

(\/6+1/a+i)2(m+\/m)2:1:207
(a+1)% — <ﬁ+\/a+i>2:a2+li2m

1
:\/a2+1<\/a2+ 72> - =
a
_ =4
> \/22+1(\/22+172) ,%:M >0
T (2.7) va (2.8), ta con phai chiing minh

2 1
Vi(a+1) TVare 22V2

>0

va

St dung (2.6), ta c6 bat ding thiic tuong duong

2 ! >2

\/1+2t—t2Jr 263 — 1241~
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Hay

2
2 + t >4
V142t — 2 283 —t2 +1 -
Ay/(1 42t — 2)(2t3 — 2 + 1) > V(8 +20t> — 72 — 6t +7)
St dung gié thiét a > 2 va (2.6), tac6 t < +. Do d6

A+2t -2 -2+ 1) =t*G—-2t) +2t (1 —t) +1>1
—8t* + 20t — 7t? — 6t = —8t* — +3(7 — 20t) — 6t < 0
Nhu thé ta chi can chitng minh
4>Vt
nhung day 1a diéu hién nhién do t < i.

Trudng hgp 2. % < a < 2. St dung bat ding thiic AM-GM,

1 1 1 3
+ + >
Va+be Vb+ca Ve+ab T {/(a+be)(b+ ca)(c+ ab)

Ta can chitng minh
2
(a+bc)(b+ ca)(c+ ab) < ;TZ

Dit S=a+b+cva P =abc. Doa < 2vaab+bc+ ca =1 ta suy ra dude /3 < § < % Dat
u=$(S—VS%*=3) vav=1%(S+2V52—3). Ta dé dang kiém tra dugc
5—+/13 1 54213

Qu+v=25, w+2uw=1 — " <u< <v<

6 V3 6

0< P <

va
(a+be)(b+ca)(c+ab) = P2+ (S* =28 —1)P + 1

Do f(P) = P2+ (5% —-2S —1)P + 1 la ham 16i nén
F(P) < max{f(0), f(u®v)} = max{1, f(u®v)}

Ta chi can ching minh
729
g = fW) = v (ut 10 +u?)

Hay

729 S (1+2u—u?)?(2u® —u? +1)
64 — U
35,4 3 2 4 3., .2 25
w’(2u® — 9u” + Tu® — 1) 4+ (Tu™ — bu” + u 77u+1)76—4u§0
~ 2, . > e . 1 1
Ta sé chiing minh rang véi moi u € {g, ﬁ}’
g(u) =2u* —9u® +Tu? —1<0
h(u) = Tut = 5ud +u? —Tu+1<0
That vay,
e Néuu < 1, ta co
161

26
<4 WP -o1<-"2<0
glu) < 2wl 4’ — 1 < —

h(u) = (u® 4+ 1)(1 — 5u) + u(Tu® — 2) < 0
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e Néuu > £, ta co
g (u) = u(8u® — 27u +14) > 0
. 8
h’(u):28u3—15u2+2u—7<13u2+2u—7§2u—§<0

Suy ra g(u) la ham dong bién va h(u) la ham nghich bién. Do d6
1 14-9v3 1 107
< — | =—<0 h(uy <h|z|=——-<0
s <o) =15 <o sn(3) -4 <

Bat ding thic duge ching minh xong.
VIV

145 Cho cic s6 duong a,b,c théa a+b+c=1 + % + 1 chitng minh

a c’

\/a+b+\/b+c+\/c+a >3
b+1 c+1 a+1™

Loi gidi. St dung bat dédng thiic AM-GM, ta chi can chiing minh

(a+b)(b+c)(cta)>(a+1)b+1)(c+1)
Tfra+b+c:%+%+%, ta c6 ab + be + ca = abc(a + b+ ¢). Do d6 bat ding thiic tuong duong
(a+b+c)(ab+be+ ca) —abc > 1+ (a+ b+ c) + (ab+ be + ca) + abe

Hay
abc(a+b+c)* —abe > 1+ (a+ b+ c) + abe(a + b+ ¢) + abe

abe((a+b+¢)> —1) > (14 abc)(a+b+c+1)

! )(a+b+c+1)

b+e)?—1>(1
(a+b+c) _( o

1
at+b+c—1>1+ —
abc

1
a+b+c>2+ —
abc
1+1+1,L>2
a b ¢ abc ™
(ab+ be + ca)® 1 S (ab+bc+ca 3/2
)

a2b?(a+b+c) abe ~ " \abc(a+b+c

(ab + bc + ca)? 1>9 (ab + bc + ca)® 12
abe(a+ b+ ¢) abe(a+ b+ c)3
Nhung
(ab + bc 4+ ca)® < (ab + bc + ca)?
abe(a+b+¢)3 ~ 3abe(a+ b+ ¢)

=22 (z > 1)
Suy ra ta chi cAn chitng minh
3z2—1> 2
Hay
(z—=1)(3z+1) >0 (dung)
Bat ding thitc dude chitng minh. Dang thitc xay ra khi vi chi khia =b=c= 1.

VAV
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146 Cho ai,as,...,as la cic so duong théa
araz---as =a1(l+ag) +ax(l+as)+---+as(l+a1)+2
Tum, gid tri nhé nhét cia biéu thic
1 1 1

P=—4+—+. ...+ —.
ay as as

Loi gidi. Truée hét, ta sé chiing minh ring v6i moi z,y, z,t,u > 0,
(x+y+z+t4+u)d > 25(xyz + yzt + ztu + tux + uxy)

That vay, khong mat tinh téng quat, gid st z = min{z,y, 2,t,u}. Dit y = 2 + b,z = v +¢,t =
r+du=x+ethibecde>0,tacod

VI —VP=5Ac+ (b+c+d+e)® —25cd(b+e)

A=3(b+c+d+e)? —5be — 10bc — 5bd — 10cd — 5ce — 10de
1 5 5 5
- _4 2 e 4o — 2 = (2¢ — 2 e 2>
12(6b+d+e c) +84(7d c— 5e) +28( c—e) +3¢ >0
St dung bat ding thic AM-GM, ta c6
25cd(b+e) < 27cd(b+e) < (c+d+(b+e))> =b+c+d+e)?

Bét diing thiic dugce chiing minh. St dung bat ding thiic nay véi x = i, y=1, 2=
;—5, ta dugce
25(araz + azas + - -+ + asaq)

aras - as

P>

Mat khéc, sit dung bat ding thitc Maclaurin va bat ding thitc AM-GM, ta dugc

125((11 +ag+ -+ a5) 3125

< P4, —— < pP
ajag - --as a1a2 - - 0as
Suy ra
17a1+a2+~--+a5+a1a2+a2a3+--~+a5a1+ 2 <P4 pP3  2p°
a aias - - - as aias - - as aias---as ~ 125 25 3125
Hay
(2P — 5)(P* + 15P3 4+ 100P? + 250P + 625) >0
3125 -
Do dé ta duge P > g Mat khac, choay =as =---=a5=2,tacé P = g,vay
5
inP=—.
min 5
VIV

147 Véi moi s6 duwong a,b,c, ta cé

aa + c) n b(b+a) clc+b) S 3(a? + b2 + 2)
bb+¢) clc+a) ala+b) ~ ab+bc+ca




141

Loi gidi. St dung bat ding thic Cauchy Schwarz, ta c6

<Zab b—i—c)( ba+c>>(a2+b2+02+ab+bc+0a)2.

cyc

St dung bat ding thic AM-GM,
(a® + % 4+ * 4+ ab + be + ca)? > 4(a* + b% + ¢*)(ab + be + ca),
Nhu thé ta chi cAn chiing minh
4(a® + 0% + ¢*)(ab + be + ca)? > 3(a® + b + ¢?) Z ab(a +¢)(b+c¢)
cye

Hay
(ab + be + ca)? > 3abe(a + b+ c)

BAt ding thitc nay hién nhién ding theo bt diing thic AM-GM, vay ta c6 dpcm. Déng thic xay
ra khi va chi khi a =b=c.
Q00
148 Chatng minh rdng vdi moi a, b, c duong,
a(b+c) b(c+a) cla+b)
VaZ+be VB2+ca Ve +ab
Loi gidi. Sit dung bat déng thitc Cauchy Schwarz,

() = (5o ) (5 )

cyc cyc cyc

< /6(a% + b2+ ¢?)

Mit khéc, cling theo bat ding thitc Cauchy Schwarz, ta c6 (a? + be)(b+c) > b(a + ¢)? va (a® +
be)(e +b) > c(a+b)?, suy ra

1 1 c b 1

> =
@102 (@t~ (@1b)ctd)  (@rb)bro  a+be
Nhu thé, ta dugc

1 1 1 1 1 1
<2
a2+bc+b2+ca+02—|—ab* ((a+b)2+(b+c)2+(c+a)2>

(£23) (o) (Bto)

cyc cyc

Do do6

Khong mét tinh téng quét, gid sit a > b > ¢. Khi d6, ta ¢

1 1 1
2(b+¢)? > b? 2> 2 b A > >
clhrefzbletaizdlth) W GrE 2 thar 2 by

Do dé, theo bat diing thic Chebyshev,

2 2 1 a*(b+c)? 2 2 2
(;a (b+e¢) > <§(b+0)2) gg; (Z§++c)2) =3(a” +b° + ¢*)

Vay
2
alb+c 9
a®+b*+¢
(; Va2 + bc) ( )
Bat ding thic dude chitng minh. Dang thitc x4y ra khi va chi khi a = b = c.
VIVIV]
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149 Cho a,b,c la cic s6 duong, ching minh ring

b 1 1 1
3+g+7+522 (a+b+c)|—-4+-+-
b ¢ a a b ¢
Loi gidi. Dat 23 = a, y> = b va 23 = ¢. Theo bat déng thiic Schur,
b

34242 +2=3.
b ¢ a

3 3 L3 2 2

z oty oz 22y z\ 2 zz

.E+y3+z3+x3zzy2 (;+E)_Zyz+zy2
cyc cyc cyc

Mit khac, sit dung bat ding thiic AM-GM thi

x? xz x3+ 3+z3 xz3+ x3+ 2y)3
Z;+Zy72: Y +( ) (yz) (2y)

p g zyz (zyz)?
-9 (1’3 + yJ + ZS)(Q:BZS + y311,’3 + Z3y3)
= m3y3z3

1 1 1
—2\/(9c3+y3—|—z3) (E-‘r?“r;)
1 1 1
=2 b — -
\/(a+ +¢) (a+b+c)

Bat ding thitc duge chitng minh xong. Pang thitc xay ra khi va chi khi a = b = c.
150 Cho a,b,c la cic s6 khong am théa man ab + bec + ca = 1, ching minh

a2 v P
Tt A ) > Ve -2
C a

Loi gidi. Bat diing thic tuong duong

gy;(f-kb—%)—k Za—@ >2<Za2_zab>

cyc

cyc cyc
Hay
> S(a—b)?>0
cyc
trong doé
1 1 1
S, =—+1t—1, Sp=—+t—1, S.=—-+t—-1
c a b
2 _ 1
vl t = 72(a+b+c+\/§).
Ta c6
1 1 1 3
’ a b c 2(a+b+c+V3)
_ ., 3
abe 2(a+b+c+\/§>
3V3 3
> 5 —3+
(ab+ be + ca)z 2(a+b+c+V3)
=3V3-3+ 3 >0

2(a+b+c+3)

CHUONG 2. SOLUTION
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1 1
sasb+sbsc+scsazz<t+g—1> (t—&—z—l)

cyc

1 1 1
3t2+2<za—3>t+zab—zza+3

cyc cyc cyc

1 1 a+b+c+ 3abc—2
—9 - = >
Zab Czy;a+3 abc 20

V

cyc

That vay, néu a 4+ b+ ¢ > 2 thi didu nay 14 hién nhién, néu a +b+c < 2, dat p = a + b+ c thi theo
P - 2

bat dang thic Schur, ta c6 abec > % >0, do d6

p —p’ 2-p)p=1(@+3)

—9—
3 3 -

a+b+c+3abc—22>p+ 0

“f

Bét dfing thic dugce chitng minh xong. Ding thitc xay ra khi va chi khia=b=c=

VAV

151 Tim hdng s6 k 1dn nhét sao cho bét ding thic sau ding
a+b+c+kabc>k+3
vdi moi s6 khong am a, b, c théa mén ab 4 bc + ca + 6abc = 9.
Loi gidi. Choa=0b=3,c=0, ta dugc k < 3. Ta sé& chitng minh day 1a gia tri ta can tim, tic 1a
a+b+c+ 3abc > 6

Dit p=a+b+c,q=ab+bc+ ca,r = abc. Gia thiét ctia bai toan cé thé viét lai la ¢ + 6r = 9. St
dung bat diing thic AM - GM, ta c6 p? > 3¢ > 9. Bat ding thiic trd thanh

p+3r>6
Hay
2p—q=3
Néu p > 6, thi diéu nay hién nhién dang. Xét 6 > p > 3, khi d6 c6 2 trudng hgp xay ra
Trudng hgp 1. Néu p? > 4q thi
P _ (p—2)(6-p)

2p—q2>22p—— =

3>3
1 1 +32

Trudng hgp 2. Néu p? < 4q thi theo bat ding thiic Schur, ta cé r > %ﬂz) > 0. Do do6
27 = 3q + 18r > 3¢ + 2p(4q — p*)
Va vi thé 5
2p° 4 27
p—gq>op— LTl
Pa =P gy 3
Ta can chitng minh
2p3 4 27
8p+3

Hay

(p+1D(-3)(p-6)<0

BAt ding thic nay hién nhién dung. Vay
Kmin = 3.
(V)
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152 Cho cdc 56 khong am a,b,c théa a® + b? + ¢ = 1. Chiing minh ring

3 B3 3
a c o)

bebc+c2+Ccha+a2+a27ab+b2 -

Loi gidi. Bat ding thiic can chiing minh tuong duong

3(b+c)
Z b3+03 - 2

cyc

Z(Cm-‘v‘b-i—C) >2a+b+c)+ V2

cyc

1
(Cl +b3+C Zm_ ( +b+C)

Stt dung bat ding thic Cauchy Schwarz, ta cé

CHUONG 2. SOLUTION

+v2

1 9
>
;aQ—ab—i—bQ ~ 2(a? 4+ b2 + 2) — (ab+ be + ca)

Do d6, ta can chiing minh

9(a® + b3 + ¢?) -
2(a? 4+ b2+ %) — (ab+ bc+ca) —

2a+b+c)+ V2

Datp=a+b+c,q=ab+bc+ ca,r = abc thi ta cé p,q, 7 > 0 v p = /I + 2¢,1 > ¢. Khi d6, bt

déng thic trén co thé viét lai la
9p(1—q)+3r) > (2p+V2) 2—0)

Hay

5p — Tpq + V2q + 27r > 2V/2
Xét 2 truong hgp
Trudng hgp 1. 1 > 2, bat déng thitc tuong duong véi

Q) =52q+1—7¢\/2¢+ 1 +V2q +27r > 2V/2

Ta c6
Flg) = 2(2q+1)721q72< 2(1+1)—-21g—2 21q <0
U= V2¢ +1 = V2¢ F1 T 2g+1

Suy ra, f(g) 1& ham nghich bién. Suy ra,

fla)>f (%) =2V2+27r > 22

) = p(2q D > . Do do, ta

’I‘ru’dng hop 2. 2¢ > 1, sit dung bat ding thitc Schur, ta c6 r > p(4q P

chi can chitng minh
5p — Tpq + V2q + 3p(2g — 1) > 2v2

Hay

(@) =2/2¢+1— g2+ 1 +V2¢ > 2V2



Ta c6

_ V2 (2¢+1) 3q—|—1 V2(1+1)-3¢+1  3(1—gq)
g'( V2 +1 = \/QQT T V2 +1
Do d6, g(q) 14 ham dong bién. Suy ra,

g()>g< >—2f

Do d6, bat déng thiic can chitng minh ding. Dng thitc xay ra khi va chi khi (a, b, c) = (

VAV

153 Cho cdc s6 khong am x,y,z théa 6 > x +y + 2z > 3, chitng minh rdang

Vit +/1+y+Vi+z> oy tyz+ze+15

>0

S
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Loi gidi. Pat o> =142, =14y, 2 =1+2d=a’+b*>+c? thitacéa,b,c>1vA9>d>6, bat

déng thiic tré thanh

a+b+c> \/1872d+a2b2+b202+02a2

Hay
3d + 2(ab + be + ca) > 18 + a*b* + b*c? + 2a?

St dung gia thiét 9 > d > 6 va bat déng thic AM - GM, ta c6

3d(d — 6) > %dz(d —6) > (d — 6)(a®V? +b*c* + c*a?)

Suy ra
6(a2b? + b2e2 - 2a2
3d4 200 F o )5 18+ a2 1 12 1 a2
Ta can chitng minh
3(a2h? + b2 + a2
ab + bc + ca > (a +dc +ca’)
Hay
(ab + be + ca)(a® + b* + ¢*) > 3(a®b* + b?c? + 2a?)
Hay

S b+e)da—b—c)(a—b)(a—c) =0

cyc

Khéng mét tinh téng quat, gia st a > b > ¢, ta cb

Z(b+c)(4afbfc)(a b)(a—c) = (a—Db)*(5ab+ 3bc+3ca—7¢*) + (a+b)(4c —a—b)(c —

cyc

Chi ¥ ring
92 > 9> a2+ b+ 2

Suy ra

2
82> a2 + 42 > (a—;b)

Do do6
4dc—a—-—b>0

Tir day, ta c6 dpem. Déng thic xdy ra khi vachi khiz =y=z2z=2hoiczc =y =2 = 1.

Q00

a)(c—0b)
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154 Cho cic s6 duong .y, z théa zyz = 1, ching minh bat ddng thice
y+z z+x T+y 1 1 1

+yz Ytz 24 ay — 22 y2+?
Li gidi. St dung bat ding thic GM - HM, ta c6
3
l=Vayz2 171
sTyt:
_1p_1 _1 .
bat a = ;b—g, =>thitacéa,b,c>0val> +b+c,d0d0

y+z a*(b+c)
3+ yz = (Za) (Czy; 3a3+bc(a+b+c)>

cyc cyc

Ta can chitng minh

2 a®(b+c)
St (Za) (Cyzcgaubww)

cyc cyc

Hay
3 cyc Z b + c)
chca - 3a3—|—b(’a+b+c)
Hay
D eyela— b)? n Z a(3a® — 3a?(b + ¢) + 3abc + be(b + ¢ — 2a)) >0
Deye @ ~ 3a3 + be(a+b+c) -
chc(a’ - b)2

b)(a —c) b+c—2a
b >
D ey @ 3Z3a3+bc( +b+ )+a023a3+bc(a+b+c)_0

> 0 nén theo

Khoéng mét tinh tong quat, gid sit a > b > ¢, d& thiy 3a3+bc(a+b+6)
dinh 1y 2, ta c6

= 3b3 +ac(a+b+c)

a?(a —b)(a —c)
Zy; a3 +be(a+b+ec) —

Ta con phai ching minh

Z b+c—2a S
ps 3a® +bc(a+b+c) —

> Se(a—1b)?

cyc

Hay

trong do
S, = (3b? + 3¢ — a® + 3bc — ca — ab)(3a® + be(a + b+ ¢))

Sy = (3¢% + 3a® — b + 3ca — ab — be) (303 + cala + b + ¢))
S, = (3a* + 3b* — ¢* + 3ab — be — ca) (3¢ + ab(a + b+ ¢))
Do a > b > ¢ > 0 nén dé thay Sy, S, > 0. Ta co
a®Sy + %S, = cla+b+c)((a —b)*(a + b)(2a* + ab+ 2b%) + c(a — b)(a® — b?)
+a® +b° 4 3(a® + %) + 2(a* + b*)e) + 3620 (2(a — b)*(a + b)
+3(a+b)c? + 2(a® + bv*)c + (a — b)%c) >0
Bat ding thitc duge chitng minh xong. Pang thitc xay ra khi va chi khi 2 =y = 2 = 1.
VIV
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155 Cho cic s6 duong a,b, ¢, ching minh bit dding thitc

o/ 9a(a+0) 6bc
3) 3 <4
\/2(a+b+c)2 * \/(a+b)(a+b+c) =

Loi gidi. St dung bat déng thic Holder, ta cé
50 9a(a +b) iy 6bc
2(a+b+c)? (a+b)la+b+c)

(o] 9ala+Dd) Lo 9a(a +b) Lo 9a(a + b) Lo 6303¢3
N 2(a+b+¢)? 2(a+b+c)? 2(a+b+¢)? (a+b)3(a+b+c)
< a 3(a+0b) 3(a+D) n b N 3c "

a+b 2a+b+c) 2a+b+ec) a+b a+b+c

3(a+1D) 3(a+D) a b 3c
><(2((1—|—b—&—c)—'_Q(a—&—b—i—c) a+b a+b+a+b+c x

3(a+b) a 3(a+b) b 3c 9

=4

X(2(a+b+c)+a+b+2(a+b+c)+a+b+a+b+c

9

9

Tir day ta c6 dpem. Déng thiic xay ra khi va chi khia=b=c.

Nhan xét. Téng quat héa, ta c6 bai toan IMO Shortlist 2004

Néu a1,asz,...,a, 1 ciac sb thuc duong. Goi g, 13 trung binh nhan clia ching va Ap, As,..., A, 14 day

trung binh cong

art+az+ -+ ag
k

Goi Gy, 13 trung binh nhan ctia A;, A, ..., A,. Chting minh bat ddng thrc

Ay = Vk=T,n

Gn | Gn
L L S |
A, ta, =T

Loi giai nhu sau

Chi ¥ ring véi moi k= 1,2,...,n, ta cé
ak kAR — (k: — l)Ak,1 Ap_1
— = =k k—1
Ay A ( ) Ay
& day ta dit Ao = 0. Dat
Ap_
1 =1, T = jkl, Vk=2,n

Ta c6

Do do

Ta sé ching minh

bing 2 cach



148 CHUONG 2. SOLUTION
Cdch 1. St dung bat ding thitc AM-GM, ta c6
n? n— n? n(n n— 1 n + 1
n\/m2x§~~:cn1:n \/131(+1)/2:v2:c§~~xn1§n< ) +Z(k—1 )

— l)mk

n

JH (k— (k- 1)zy) < IZ(k—(k—l)xk):n;rl—%Z(k—l)xk
proie k=1

k=1

Cong tuong ting vé véi vé 2 bat déng thiic trén, ta c6 dpcm.

Cdch 2. St dung bat ding thiic Holder

n+1 n+1 n+1 n+1
D Wamany ey < 3 Doy | { ez | D an
i=1 =1 i=1 i=1

vGi

g =\ x',: L Vk=2,n,j=1,n

Khi do6, ta c6

n+1 2 n
Z Yarjon; - Qn; =n "\ xaxd-can 4T H(k — (k—1)xx)
j=1 k=1

Mait khac, ta ciing c6

n+1 n+1

Za1j=n+1, Zakannx’,:_lJrk:f(kfl):ck vk
j=1 j=1

Il
o
3

Lai ¢6 v6i moi k = 2,n thi
nyfal tk— (k- Doy =n P " el 4k — (k- 1)
<(n—-k+z1+(k—-—Dzp+k—(k—1zr=n+1

Vay ta c6 dpcm.
(VA

156 Cho cic s6 khong am a,b,c, ching minh bat dang thic

1 1 1 1
>
(a 4+ 2b)? * (b+ 2¢)? * (c+2a)?2 = ab+bc+ca

Loi gidi. Ta c6 2 bd dé sau
B& dé 1. Vgi moi a,b, ¢ khong am, ta c6
a® 4+ b + ¢ — 3abe > 4(a — b)(b— ¢)(c — a)
That vay, khong mat tinhtdng quat, gi sit ¢ = min{a,b,c}, dit a =c+z,b=c+y, ta cd
VT —-VP= 3(:1:2 facy+y2)c+$3 +y(2$*y)2 >0

B& dé 2. Vdi moi a,b, ¢ khong am thi

4
ab® 4+ bc? + ca® < 2—7(a+b+0)3—abc
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That vay, khong méat tinh téng quét, gia st ¢ = min{a, b, c}, dit a = c+z,b=c +y, ta cé

9(@® —ay +y*)c+ (22 — y)*(z + 4y)

VI -VP=
27

>0

Tré lai bai toan ciia ta. Bat diing thic tuong duong véi

4 (Z a4> (Z ab> +5 Z a®b® +4 Z a*be + 5abcz ab(a +b) — 21a%b*c?

cyc cyc cyc cyc cyc

>12(a? — b?) (b — 2)(c? — a?) + 24achab2

cyc

Theo trén, ta co

4(afb)(bfc)(cfa)gZag’fSabc, Z ab? < meabc

cyc cyc

Nén ta chf can chitng minh ring

4 <Z a4> (Z ab) +5 Za%‘g + 4Za4bc + 5abcz ab(a + b) — 21a*b*c?

cye cye cye cye cye
>3 (; a® — 3abc> (a+b)(b+ c)(c+ a) + 24abc (4(a+27b7+c)3 - abc)

Hay

9> ab(a* +b*)+45) " a®b’ 27> a®b*(a® +b%) — 14abe Y | a®+3abe »  ab(a+b) —3a*H’c* > 0

cyc cyc cyc cyc cyc

9 <Zab at+bh) =) a®b’(a® + 1) ) —18 <Za2b2(a2+b2) —2Za3b3>

cyc cyc cyc cyc
+9 (Z a®b® — 3a2b262) — l4abe (Z a® — 3abc> + 3abe <Z ab(a + b) — 6abc> >0
cyc cyc cyc

Z(a —b)%(18ab(a® — ab + b*) + 9¢*(ab + be + ca) — 14abe(a + b+ ¢) + 6abc?) > 0

cyc

Ta sé chitng minh
18ab(a® — ab + b*) + 9c2(ab + be + ca) — 14abe(a + b+ ¢) + 6abc® > 0
That vay, dit ¢t = Vab, ta c6
18ab(a® — ab + b®) 4+ 9¢*(ab + be + ca) — 14abe(a + b + ¢) + 6abc®
- (\f - \@)2 (9c3 — 14abc + 18ab (\/&+ x/5)2> + t(18t3 — 28t%c 4 tc® + 18¢%)

2
> (Va—vb) (98 — 142+ 726%) > 0

Bat ding thitc duge chitng minh xong. Pang thitc xay ra khi va chi khi a = b = c.

Q00
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157 Cho cic s6 khong am a, b, c, ching minh bét ding thic

a? b? c? ab+ bc + ca

a? + ab + b2 +b2+bc+02 +02+ca+a2 +a2+62+c2 -

Lot gidi. Ta co
2

Z a ab+ bc + ca
a2 +ab+ b2 a2+ b2+ 2

cyc

_ (a4b+c)(ab+ be+ ca)(ab® + b’ + ca® — ab*c® — be*a® — ca®b?)

>0
(a? + b2 + c2)(a? + ab + b2)(b% + be + ¢2)(c? + ca + a?) -

Nén bat ding thitc can ching minh ddng. Déng thic xdy ra khi va chi khi a = b = ¢ hodc
5 —0,£ — 0 va cac hoén vi tuong ting.

Nhan xét. C6 mot ding thitc kha dep va diic biat 1a

2

_Z a (a+ b+ c)(ab + be + ca)(ab® + be® + ca?)

a?+ab+b2 " (a2 +ab+b2)(b2 + b+ c)(c? + ca + a?)

ove
(V)
158 Cho cic s6 khong am x,y, z théa © +y + z = 3, ching minh bét ddng thic
22y + %z + gxyz <4
Loi gidi. Néu z > 2y, ta sé chitng minh
2y + iz + gmyz < (x4 2)%y

That vay, ta c6

3 -2 2
(x—|—z)2y—x2y—y2z_ Exy,z: M > 0
Mat khac, sit dung bat ding thic AM-GM thi

y(a + 2)? <4<y+(§+z)>3_4

Suy ra
3
Py +ytat Jeyz < (z+2)y <4
Ta con phai xét trudng hop 2y > x, khi d6 bat ding thitc tuong duong véi
81
f(2) =4(z +y+ 2)% — 2722y — 2792 — 5 Ty >0
Ta c6 0
fl(z)=3 <4(w +y+2)” - Sy + 395))
i\/ 2y +3z)—x—
902 Yy Y

Do 2y > z nén %\/y(2y+3w) —x —y >0, th day dé thay

27 V(37 + 2y)3/2
2 —r— ——— 2 YT A St VA
VyQy +3z) —x y) 2y<x + 5y + 2y 7

ffx)=0sz2=

3
2v2
27xy(x — 2y)?(2z + y)

2 2 | VI(Bz+2y)3/2\
4 (w2 + By + 2y2 4 YO

f(z)2f<
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Bét ddng thiic duge chiing minh xong. Déing thiic xay ra khi va chi khi 2 = 2,y = 1,z = 0 hodc
r=0y=2,z=1.
(VA

159 Cho cic s6 khong am a,b,c, ching minh bét ding thic

1 N 1 N 1 3(a+b+c)?
a’?+bc  b2+ca  2+ab T 2(a®+ b2+ 2)(ab+ be + ca)

Loi gidi. Bat ding thic tuong duong véi

Za2+b2+02 < 3(a+b+c)?
a?+bc  ~ 2(ab+ be+ ca)

cyc

b2 +c? —be 3(a+b+c)?
3 >
+Z a?+bc = 2(ab+ bc+ ca)

cyc

St dung bat ding thic Cauchy Schwarz, ta c6

Z b+ 2 —be < (2(a® + b + ¢?) — ab — bc — ca)?
a?+be T 30 (a4 be)(b? + ¢ — be)
(2(a® + b + ¢*) — ab — bc — ca)?
(ab+ be + ca)(a? 4+ b2 + 2 + ab + be + ca) — 4abe(a + b+ ¢)

cyc

Nhu thé, ta chi cAn chiing minh

(2(a® 4+ b2 + ¢?) — ab — bc — ca)?
(ab+be + ca)(a? 4+ b2 + 2 + ab + be + ca) — dabe(a + b+ ¢)

3(a+b+c)?
2(ab + be + ca)

3+ >

Giésfra—l—b—i—c:1,datq:ab+bc+ca,r:abcthitacé%ZqZO.Theobétd:ingthfrcSchur
thi r > max {0, 4‘19_1 }. Bat déang thic trd thanh
2 —5q)2 3
g4 (2-50° 3
q—q*—4r ~ 2
Néu 4g < 1, ta c6
2 —5q)2 3 2-5¢)%2 3 5—11q)(1 — 4
3+( 2(1) 7723+( qz)**:( Il (1)20
g—q*—4r 2q qa—q 2q 2q(1—q)
Néu 4g > 1, ta c6
2 —5q)?2 3 2 — 5q)? 3 3(11—4¢)(1 —3q)(4g—1
g4 (2759) 3534 (2 —5q) _3 3 q)(1 — 3q)(4q )20
q—q*>—4r 2q qquf@ 2q 2q(4 —7q¢ —9¢?)

Bét ding thic dugc ching minh xong. Déng thitc xay ra khi vi chi khi @ = b = ¢ hoica = b,c = 0
va cac hoan vi tuong ing.

VAV

160 Cho cic sb khong am a,b, ¢, ching minh bat ding thic

4
g(ab2 +bc? 4 ca®) 4 a® + b? + 2 + 2 > 3(ab + be + ca)
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Loi gidi. St dung bat ding thic Cauchy Schwarz, ta c6

so s dL Gl b
" 1T =1 1 1~
S Gic wtwtaw ablatbdte)
Suy ra
2
ab® + be? + ca? > M
a+b+c
Mat khac, sit dung bat ding thitc AM-GM, ta c6
4(ab + be + ca)? s/ (ab+ bc + ca)?

_— >
3atbre 7N Sarbroe

Nhu thé, ta chi can chitng minh

b+ be + ca)?
2 b2 2 3 (a’ > bbb ,
a“+b°+c°+6 CE A > 3(ab+ bc + ca)

Bat ding thiic nay hién nhién ding do (a + b+ ¢)? > 3(ab + bc + ca). Vay ta c6 dpem. Dang thiic
xdy ra khi va chi khia=b=c=1.
Q00
161 Cho cic s6 khong am a,b,c, ching minh bét ding thic

1 1 1 4
+ + >
VdaZ +be VA2 +ca VAR +ab  a+b+c

Lyi gidi. Sit dung bat déng thitc Holder, ta cé

(Z \/4(;217“)(;) <Z(b + ¢)*(4a® + bc)> >8(a+b+c)?

cyc cyc
Nhu thé, ta chi can chiing minh

(a+b+c)® > QZ(b + ¢)3(4a® + be)

cyc

ZaB(a —b)(a—c)+ ZLZab(a2 —b?)(a — b) + abe <I9Za2 - 18Zab> >0
cyc cyc cyc cyc
Bét ding thtc nay hién nhien ding. Vay ta c6 dpcm. Dang thic x&y ra khi va chi khi (a,b,c) ~
(1,1,0).
Q00

162 Cho cic sé thuc a,b,c, ching minh bét dding thic

1—}—(121724_14—6202 1+02a2>§
(a—b)?  (b—¢)?2 (c—a)? ~ 2

Lot gidi. Dé dang ching minh duge
Z 1 + Clb 1 + bC
a—b b—c

cyc

=1




Zlfabllfbc__l
a—b b—c

cyc

153

Do d6, stt dung bat ding thitc 22 + y? + 22 > zy + yz + 2z vh 22 + v + 22 > —2(xy + yz + 2z) véi
g g

moi z,y,z € R, ta co

cyc
1—ab\? 1—ab
§<a—b> 2_2%C:ct—b

T do, suy ra

1+ ab\? 1+ab 14bc
> . =
Z(a—b) _§ a—b b-c !

1—be
b—c

s

cyc cyc

cyc

Bat ding thiic duge chiing minh xong. Dang thitc xay ra ching han khi (a,b,c) = (—\/g7 0, \/g)

MV

163 Cho cdc s6 khong am a,b, ¢, ching minh ring

4 2p, 4,34, 4
a7+22a7_9(a +0*+ )
b2 c a? + b2 + c2
cyc cyc
Hay
4 2 4,34, 4
a 9 9 a’b 3(a* +0* +¢*) 9
cyc cyc cyc
> Salb—0¢)*=0
cyc
trong do
s _f+27b+27a_ 3(b+c)?
“T e ¢ b a?+ b2+ c?
2 2 2 3(c+ a)?
s=g+i B Heta
a a c a? +b% + ¢
a® 2a 2 3(a +b)?
Sc=7+*+*—%
b b a a?+b®+c

e

cyc

Zazzab>

cyc

Khong mét tinh tdng quat, ta chi can xét truong hop a > b > ¢ 1a di. Khi d6, dé thiy ring S, > 0.

Xét 2 truong hgp

Trudng hgp 1. Néub—c>a—-b>0,suyra2(b—c)>a—cva2b>a+c Taco

2 20 2a ¢ 2 2719
T2 c b a?

C

3a+c)* +3(b+c)?

a? 4+ b2+ 2

3(a+c)?+3(b+c)? _ 3((2a — b)% + (2¢ — b)?)

a? + b? + 2

2(a? + b2+ ¢?)

>0
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4 8¢ 100 2a b*  3(b+c)* +12(a+ )

2 b ¢ a? 4+ b2 + ¢?
4c 8¢  ba 2a b2 3(b+c)?+12(a+c)?
> — 14—+ —4+5+—+ = -
+ —+ + o+ b + 3 PR
= 99 3(b+c)? +12(a+ ¢)? 10a + 1952 + 7¢? — 24ca — 6be -0
- a2+b2+02 a2+b2+02 -

4c¢®  10c 106 da B2 a?  3(b+c)?+12(a+¢)? + 3(a + b)?

S, +4Sy+S. = —+—+—+—+ 5+ = —
at 45+ o a2+a+ c+b+(22+b2 a? + b2 + c2
3b+c)2+12(a+¢)?>+3(a+b)? 1la? + 200% + 11c? — 24ab
> 926 — - >0
a?+ b2+ ¢? a? + b2 + 2
Nhut thé
-+, Néu szothi
> Salb—¢)? = (Sa + Se)(a—b)?

cyc
+, Néu S, <0,S, >0 thi
D Salb— ) = (Sa +4S,)(b—c)> > 0

cyc

=+, Néu Sp, Se < 0 thi
> Salb— ) = (Sa + 48y + S)(b—)* > 0
cyc
Trudng hgp 2. Néua —b > b—c > 0, ta sé chitng minh S, > 0, that vay xét ham s6 f(c) = S. =

2 2 X L ~
=+ 27“ + % — %, o rang f(c) 1a ham dong bién nén

f(e) > f(max{0,2b— a})
Néu a > 2b thi

a®> 2a 3(a+b)? 3(a +b)?
> ==+ —- >8— 2
f(C)if(O) b2+b a2+62 78 a2+b2 *O
Néu 2b > a thi
a> 2 4b 3(a+b)?
> 2b — = — — — 92— >
fle)z f2b—a) =5+ + 902 — dab + 562 = °

Vay ta c6 S,, S, > 0. Nhu vay néu S, > 0 thi bat ding thtic 14 hién nhien, ngugc lai néu S, < 0, ta
c6
2¢2  4c  6b b2 2a  6(a+c)?+3(b+c)?

Se+28, =0 e 0 e
+ 25 a2+a+c+c2+b a? 4+ b2 + 2

8¢ 8b 20 6(a+c)2+3(b+c)?

> 942

- + +b a? 4+ b2 + 2

2 2
212_6(a+c) +3(b+¢) >0
a? + b2 + 2

2¢2  6c  4b  a®  2a  6(a+c)*+3(a+b)?

S +28, =%+ —4+ — 4+ 5+ — —
+ 2% a2+a+c+b2+b a? + b2+ c2
2v/2+6 2 2
Z(f+ )c_1+@+4ﬁ_1_6(a+c) +3(a+b)
a c b a? + b2+ c2

6(a+c)?+ 3(a+b)?

> 13.6 —
736 a2+b2+62
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Do d6
> Sa(b =) = (Sa +285)(b— ¢)® + (Se +28)(a —b)> > 0

cyc

Bét ding thic dude ching minh xong. Ding thitc x4y ra khi va chi khi a = b = c.

(V)
164 Cho cdc so duong a,b,c, ching minh rang
g+§+£72+ 8abc >
b ¢ a (a+0b)(b+c)(c+a) —

Loi gidi. Cach 1. Dat x = ¢,y = b 2= < thi ta ¢6 xyz = 1 va bat déng thiic tré thanh

c?

Vm+y+z—2+(

8
r+1)(y+1)(z+1) =2

Chi ¥ ring trong 3 s6 z,y, z luon tdn tai it nhat 2 s6 khong 16n hon 1 hoic khong bé hon 1, chang
han (x —1)(y — 1) > 0, suy ra (z+ 1)(y + 1) < 2(zy + 1). Dat t = \/zy, khi d6 ta ¢

4 263 — 262 + 1 442
VT > 2t +2z—2 =
SV DG (e
Ta can chiing minh
243 — 22 + 1 42
Lk > 2
t (t2 +1)2
Hay
213 — 22 4+ 1 42
varrmam b 1>1— _ 4
t (2 +1)2
2t + 1 t+1)2
(t—1)2< - —(2+)2>zo
23— 22+ 1412 (12 +1)

Theo bat ddng thiic AM-GM, ta c6

2t +1 (t+1)? 2t+1 (t+1)?

V23 =22 41442 (P +1)2 t2+(2t32—2t2+1) +2 (+1)2

203 AR 27 4241
2B+ +1)2 T

Bét ding thic dude chitng minh xong. Dang thitc x4y ra khi va chi khi a = b = c.
Cach 2. Khong mét tinh tdng quat, gia sit ¢ = min{a, b, c}. Bat déng thiic tuong duong

b ¢ 32abc 64a2b3c?

e (RN [ R B R (R CEu

Chi y ring (a+b)§?£iz§§26+a)z < (a+b)(%f’§)(c+a) nén ta chi can chitng minh
a b ¢ 24abc
224 353
b+c+a - (a+b)(b+c)(c+a)

Hay
(@ —b)? n (a—c)(b—rc) < 3(2¢(a —b)? + (a +b)(a—c)(b—c))
ab ac - (a+b)(b+c)(c+a)

c(a—b)*((a+b)(b+ c)(c+ a) — 6abc) + bla — ¢)(b— c)(a+b)((a+c)(b+ c) — 3abc) >0
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Ta chitng minh két qua manh hon 13

c(a —b)*((a+b)(b+ c)(c+a) — 8abc) + bla — c)(b—c)(a + b)((a+ c)(b+ ¢) — 3abc) >0

Hay
2c2(a —b)* + (a —¢)(b—¢)(a+b)(c(a — b)* +ba + c)(b+ ¢) — 3abc) >0

Ta c6
c(a —b)? 4+ bla+ ¢)(b+ ¢) — 3abc = ab® + a?c + 2b%c + bc? — 4abe

> ab? + a%c + 3bc® — dabe > (3\"75— 4) abc >0

Bat ding thic dude ching minh.
(ViVIV;

165 Cho cic sé thuc a,b, ¢, ching minh bit ddng thitc
a(b+c) 2 b(c+a) 2 cla+d) 1
— ] + + > =
(a+b)(a+c) (b+c)b+a) (c+a)(ic+D) 2

alb+¢) \° 1 (a—0b)%0b—c)*(c—a)?+ 320233
2 ((a+b)(a+c)> 2 2a+b)2(b+e)P(c+a)

Loi gidi. Ta co

cyc

Nén bat déng thiic hién nhién ding. Ding thitc xay ra khi va chi khi (a,b,¢) ~ (1,1,0).

MV

166 Cho cic s6 khong am .y, z théa x +y + z = 1. Chitng minh bat ddng thic

11
Vit +Vy+ 2+ Ve et < o

Léi gidi. Khong mat tinh tong quat, gid sit 2 = max{z,y, z}. Dit 2 + 2 = 2t,0 — 2z = 2m thi ta c6
t >m > 0. Khi do, ta c6

Vet 2+ Vy+ 2+ Vet = Vitrm+y2 +y+ (m— )2+ /(t +m)2+t—m= f(m)

Ta c6
8t —1 1 Y

T mEt—mpP At m R (gt (- 02

Ta sé& chitng minh f”(m) > 0 bing cach chitng min

f(m) =

8t—1 N 1
((t+m)? 4t —m)3/2 = (t 4+ m+y?)3/2

Bt =12t +m+y*)* > ((t+m)* +t —m)®
4@z +2) = 1)*(@ +9?)° > (2 + 2)°

+, Neuz>y>z2>0thitaco2(x+2)>a+y+2z=1,suyrad(z+2z)—1>1. Do do, ta chi
can ching minh
x+y22$2+z
Hay
y(x — 2) > 2* -y (ding)
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+, Néu z > z >y > 0, khi d6, dé thay
24,
x+y 2§(m +2)>0

Do do

(4a+2) = 1?(@ + 97 — (224 2)° = (Br — y + 3% (2 + )" — (e + 2)°
4

> =

9

3z —y +32)*(x + *)*(2® + 2) — (2® + 2)?

Nhu vay, ta chi can chitng minh
4
§(3x —y+32)%(z+y?H)? > (22 + 2)?

Hay
43z — y 4+ 32)% (2 + 2y + 2) + y?)? (x+y+2)% (2% + 22 +yz + 22)?
2(3x — y +32)(2” + 2(y + 2) +°)

g(x) = 3% + (y + 62)2% + 2(2° — y2)x — 2y° + 3y%2 — 6y2> — 32° > 0

>9
>3z +y+2)(2® +rz+yz+2?)

D& thiy g(x) 1a ham dong bién nén
g(x) > g(z) = 62° — Tyz® + 79?2 — 2> >0 (do 2 >y > 0)
Vay trong moi truong hgp, ta luén co
f//(m) Z 0
Do d6, f(m) 1a ham 16i. Suy ra
f(m) < max {f(0), f(t)}

Nhu vay, ta chi can chiing minh

_n

-5

Diéu nay c6 nghia la ta chi can chitng minh bat ding thic da cho trong trudng hop trong 3 s6
x,1,2 c6 1 sd bing 0, hoic trong trudng hop trong 3 sd z,y, z c6 2 s6 bing nhau.

max {f(0), f(t)

Trudng hgp 1. zyz = 0, khong mét tinh téng quat, gia sit z = 0. Khi d6, ta can ching minh

11
\/m+y2+\/§+x§€ Ve,y>0:x+y=1

6
\/y2—y+1§y—\/z7+5

t4—t2+1§(t2—t+g> (t=\y€l01])

22 12 11
20 — 22 4 St — <0 (dingdo1>t>0
5t 5tgp S0 (dingdol=t20)
Trudng hop 2. (z — y)(y — 2)(z — z) = 0, khong mat tinh tdng quét, gid st z = z, suy ra
% >2 >0,y =1—22. Khi d6, ta can chitng minh

11
\/m+y2+\/y+m2+\/x+x2§€

Hay

\/4x2—3x+1+\/x2+x§x+g
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9 2
(\/4x2—3x+1+\/x2+a:) < <z+g>

22 11
2¢/(422 — 3z + 1) (22 + x) < —42* + ¢ + %

22 11\°
4(42® =3z +1)(2* +2) < <—4x2 + = + %)

196 5 596 , 16 121 . 1
= —r— — < —>x >

5 z 25;17 1259& o < 0 (dang do 5 >x>0)
Bét déing thiic dugce ching minh xong. Ding thitc khong xay ra.

MV

167 Cho cdc s6 khong am a,b, c,d théa a+b+c+d =4, tim hing s6 k > S nhé nhat dé bat dang thic

sau duing
1 1 1 1 4

<
k—abe  k—bed  k—cda | k—dab = k—1

Lgi gigi. Chod=0,a=b=c= %, ta suy ra dugc k > %. Ta sé chitng minh day 1a gia tri can tim, tic

1a
3 1 4
48 — 11labc — 37

cyc

IN

Diat z = ab,y = cd,z = a+ b,t = ¢+ d thi ta ¢ % >x> 0,% >y > 0, bat ding thitc dudc viét
lai nhu sau
1 1 96 — 11y2 4
48 — 1lze 48 — 1lzd = 2304 — 528yz + 121zy 37
Ta c6 ) )
i) = 22 242d 2(96 — 11y2)

0
(48 — 11zc)3 * (48 — 11zd)3 * (2304 — 528yz + 121xy2)3 —

Suy ra f(z) 1a ham 16i, do d6
2
) <max{ 0.1 ()}

Lai co
f(O)—1+ 1 1 1 o1 1 B
S 16 4811y 16 48— 1lledz ~ 16 g3 11 (etdez)® 37
7 22 _ 96 — 11ut + 4 — o)
1) T 121yu? — 528ut + 2304 | 96— 11yz IV
trong d(’)u:%.

D& thiy g(y) ciing 13 ham 16i nén

Ta lai c6

o=t 1 _1, 1 _ 1 1 4
T 6 T8 —1lut 16 48— 11-2-3-L ~ 16 1811 (=)0 2T

2 444 — 2t)(112%° 4 442t — 768)
4 ) 37(384 —1122t)(384 — 112t2) 37 — 37
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(do 2t < EHO% — 4 112242 4 44zt — 768 < 1142 + 44.4 — 768 = —416 < 0)
Bat ding thitc dugc chiing minh xong. Vay

48
kmin - ﬁ .
Q00

168 Cho cic s6 khong am a, b, c, ching minh bét ding thic

3(a+b+c) 22(\/a2+bc+ Vb2 + ca + \/c2+ab>

Léi gidi. Néu abc = 0, gia sit ¢ = 0 thi dé thiy bat ding thtic 13 hién nhién. Xét trudng hgp abe > 0,
khéng mét tinh téng quat, gid sit a > b > ¢ > 0 va abe = 1, khi d6, ton tai cic s6 thuc z >y > 2z
sao cho a = e%,b=e¥, ¢ = €%, suy ra  + y + z = 0, bat déng thic da cho dudc viét lai nhu sau

S i@ =0

cyc
trong d6 f(z) = 3e' — 2v/e?t + e~t. Ta c6

_ 6€3t/2(€3t + 1)3/2 _ 46615 _ 14€3t -1
- 26215(6215 4 e—t)3/2

£

Dat u = e3/2 > 0 thi
/() =0e36u " (ut+1)° = (du? + 1du~ 4+ 1)?

Hay

g(u) = u* — 9u® + 96u® +4u —20=0
Ta ¢6 ¢'(u) = 4u® — 27u? + 192u + 4 = Tu(4u — 27)% + 2w + 4 > 0, suy ra g(u) la ham dong bién,
lai ¢6 g(0) = —20 < 0,¢(1) = 73 > 0 nén phuong trinh g(u) = 0 c6 duy nhat 1 nghiem ug > 0, ti
day ta suy ra f”(t) = 0 c6 duy nhat 1 nghiém tg, ngoai ra ta c6 thé kiém tra duge f(t) 16m trén
(—0o0, o] va 1di trén [tg, +, 00).
Tré lai bai toan ctia ta, xét 2 truong hgp
Trudng hgp 1. y > to, khi d6, sit dung bat déng thitc Jensen, ta cé

)+ 10 =21 (15

Ta can chiing minh

of (#) L) 20

Dat m = e(@t¥)/2 = \/ab > e* = ¢, thi sau khi ddng bac, ta dugc bat ding thitc tuong duong

32m+c) >2 (2\/m2+mc+ \/m2+c2)

Binh phuong 2 vé roi thu gon, ta c6 thé viét lai bat ddng thic nhu sau

16m? + 20me + 5¢% > 164/m(m + ¢)(m?2 + c2)

Hay

8(\/m2+mc—\/m2+02)2+3c(4m—c) >0

BAt ding thitc nay hién nhien ding.
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CHUONG 2. SOLUTION

Trudng hop 2. y < ty, khi d6, ta c6 tg >y >y + z — tg, suy ra

fly) + f(2) > f(to) + f(y + 2 —to)

Mait khac, sit dung bat ding thitc Jensen, ta lai c6

f(@) + f(to) > 2f (x+2t0>

Ta can chiing minh

T+t

2f (TO) +fly+z—1to) >0
Bét ding thiic nay diang theo trudng hop trén. Vay bat déng thic duge ching minh xong. Ding
thitc x&y ra khi va chi khi (a,b,c) ~ (1,1,0).

Nhan xét. Trong bai nay, c6 mot kj thuat dang cha § chinh 1a viec déi bién u = e 3/, cac ban hay nghi
xem tai sao ta lai khong dat u = €32 cho "tien" ma lai dat nhu thé? Dé tim cau tra 10i, ta hay thit dat

u = /2, khi d6 phuong trinh f”(t) = 0 tuong duong véi
g(u) = 20u* — 4u® —96u® +9u —1=10

Ta c6 ¢'(u) = 80u® — 12u® — 192u+ 9, dén day céc ban c6 thé thiy that khé ma xac dinh dugc sy bién thien
clia g(u), didu nay sé gay kho khan it nhidu cho ta trong viec giai bai toan, ngugc lai néu ta dat u = e~3%/2
thi sau khi thu gon, ta lai dugc ngay mot ham déng bién! Xin duge néu mot vi du don gidn dé cac ban c6 thé
thay r6 hon didu nay: Xac dinh s6 nghiem duong néu c6 ctia phuong trinh h(z) = 222" —122'2 —1990 = 0,
néu cac ban van giit nguyén va xét ham s6 theo bién x thi ta c6 h'(z) = 22! (143z — 72), tit day, c6 thé
thay h(z) giam tren (0, %} va tang trén [%, +00), nghia la h(z) c6 2 khoang bién thién. Bay gid néu ta
dit @ = 1 thi phuong trinh tuong tuong 3% — % — 1990 = 0, hay m(t) = 1990¢"* + 12¢ — 22 = 0, 15 rang
m(t) 1a ham dong bién trén (0, +o00), lai ¢6 g(0) = —22 < 0,g(1) = 1980 > 0 nén phuong trinh m(t) =0 c6
nghiém duong ¢ duy nhat, chii ¥ rdng v6i mdi gié tri ¢ > 0 chi cho ta mot gia tri z > 0, do d6 phuong trinh
h(z) = 0 c6 nghiém duong = duy nhat. Cac ban thiy khong, day 1a mot ki thuat kha hay ding khong nao?
)
(V)

k 2
169 Cho day duong {x,} théa S x; > Vk vdi moi k = 1,2,...,n, ching minh bit ding thic
i=1

y , 1 11 1
1'1+$2+"'+'T"21 1+§+§++E

Lyi gidi. Xét ham s6 f(x) = 22 véi x > 0, ta ¢6

fl(x) =2z >0, f'(z)y=2>0

Suy ra f(x) la ham 18i, do d6 st dung bd dé Lagrange, ta cé
F(a) zf(\/i—x/i—l) T (\/i—\/i—l) (:ci— (\fi—x/i—l)) Vi=1,2,....n
Do do

s 2 Yo (Vi VITT) 4+ 308 (Vie Vi) (m- (Vi vieT))

i=1 =1
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St dung ky thuat nhém Abel, ta ¢
;f’ (Vi-vi=1) (w - (Vi- vi=1))
n—1 i i

S ) () (S B ()

i=1 j=1 j=1

7 (V- ﬁ(Z -3 (v F))

i=1

52 o (i) -y () (S ) i) (S ve)

Cht y ring v6i moi i > 1 thi i+ 1++i > Vi++i— 1, hay

1 1
Vi+i—1 = Vit 1++Vi
Vi-Vi-1>Vi+1-Vi>0

Suy ra
Zf’(\ﬂ Vis )( (\/ \/1—1))20
=1
Ta con phai ching minh
n n 1
i — Vi 1) >V
R R W
Dé chitng minh, ta chi can chd § riing véi moi ¢ > 1 thi

Vi—i—1 7

That vay, ta co

2i (Vi-vi=1) = (Vi+vi—1) (Vi-vi-1) =1
Bat ding thitc duge chitng minh xong. Ding thitc khong xay ra.

Q00

170 Cho cic s6 khong am a,b, ¢ théa 6 > a + b+ c > 3, ching minh bit ddng thic

Va+1+vVb+14++Ve+1>V15+ab+bec+ ca

Loi gidi. Cach 1. Dat 22 = 1 +a,y>2 =14+ 6,22 =1 +c,d =22 +y> + 22 thitacéd z,y,2 > 1 v&
9 > d > 6, bat ding thitc trd thanh

T4y +2z> 18— 2d + 22y + 222 + 2212

Hay
3d + 2(xy + yz + zx) > 18 4+ 2%y® 4 3?22 + %22

St dung gia thiét 9 > d > 6 va bat ding thic AM-GM, ta c6

1
3d(d —6) > §d2(d —6) > (d — 6)(x?y* + y?2° + 2%2?)
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CHUONG 2. SOLUTION

Suy ra
6(22y2 + 4222 + 2222)

7 > 18 + 22y? + 222 + 222

3d +

Ta can chitng minh
3(z22 + 1222 + 2202)
d

Y +yz + 2x >

Hay
(xy +yz + 22) (2% + y* + 2°) > 3(a®y® + y*2% + 2%27)
D y+2)r—y—z)(r—y)x—2)>0
cyc
(bry + 3204+ 3yz — 728 (x —y)’ + 4z —z —y)z+y)(x—2)(y—2) >0
Mat khéc lai co
922 292x2+y2+22
Suy ra
2
822> 2% 4y > @
Do d6
dz—zxz—y>0
Tit day, véi gid st z = min{z,y, 2}, ta c6 dpcm. Déng thitc xay ra khi v chi khia =b=c =1
hoica=b=c=2.
Cach 2. Khong mét tinh téng quét, gid st ¢ = min{a,b,c}, suy ra c < 2. Dt t = 1/(a+ 1)(b+ 1)
thita cé 1+ %“’ >t > +va+b+ 1, bat diing thiic da cho duge viét lai nhu sau

f)=vV2ttatbr2+vVerl—/E2+14+(atb)(c—1)>0

Ta co 1 14+ (a+b)(c—1)
I _ a Cc—
PO = at b1 292~ @ 1dt (atbye— D)2 ="

Suy ra f(¢) 1a ham 16m, do d6

f(t)Zmin{f(\/m)va_Fa;-b)}

Taco f(Va+b+1) >0, that vay dat y = /(c+ 1)(a+ b+ 1) thi 1+ 2 >y > \/a+ b+ c+ 1,

bat ding thiic tuong duong

g)=1+2y+ta+btct2—V2+1ld—a—b—c>0

_ 1 _ 14—a—b—c
(2y+a+b+c+2)3/2 (y2+14—a—b—c)3/

9(y) > min {9 (m) 9 (1 * %HC)}

Ta cang ¢6 ¢"(y) = > < 0 nén ¢g(y) cing 1a ham 16m, do d6

Lai c6

g(\/7a+b+c+1):\/m+2f\/ﬁz4—\/ﬁ>0

g<1—|—%b+c) =142vVm+1—+vm?+15=h(m)

voi m = @tte ¢ [3 3] Ta c6 h'(m) =

,2(m+11)3/2 — (m2+1i55)3/2 < 0 nén h(m) 1a ham 16m, suy ra

h(m) Zmin{h (g) ,h(B)} —min{JEH— */26»975—\/ﬁ} >0
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Ta con phai chitng minh f (14 %£2) > 0, dat @ = %2, suy ra 8¢ > 2 > 35¢ thi bat ding thic
tuong duong

ulz)=2vVz+1++ve+1l—+va2+2zc+15>0

2

! _ 15—c
2(z+1)3/2 (z2+42xc+15)3/2

)

Ta ¢6 u”(x) =

< 0, suy ra u(x) 1a ham 16m, do d6

Lai ¢6
u<670> _ 3(c —2)%(20 + 20c — 3¢?)

2 2 (2\/2(8 T4 2Ver 14V 32 1 12¢ 96) (8\/2(8 T (et 1) — 3¢+ 16¢ + 28)
u(?)—c) _ 3(c—1)2(5—-c)(3c+1)

2

2 (2\/2(5 — O+ 2Ver 1+ V=3Z 1 6c 69) (8\/2(5 " (et 1) -3¢ +10c+ 25)

Bat ding thic dude ching minh.
QOO

171 Cho cdc s6 dwong a,b,c théa abc = 1, chitng minh ring

1 1 1 1
>1
@112 (12 (cr1f abtbetcatrl-

Loi gidi. Luon ton tai it nhéat 2 s6 trong 3 s6 a, b, ¢ khong 16n hon 1 hodc khong nhé hon 1, khong mét
tinh tdng quat, gid st (a — 1)(b—1) > 0, suy ra 1+ ab > a+ b, do dé
1 1 c

> =
ab+bc+ca+1 " (c+1)(ab+1) (c+1)2

Mzt khéc, ta lai c6

1 1 ab(a — b)% + (ab — 1)? 1 1 ¢

= > =
(a—l—1)2+(b—4—1)2 (ab+1)(a+1)2(b+1)2+ab+1_ab—l-l c+1

Do do6

c 1 c
VT > =1
“c+1 + (c+1)2 + (c+1)2

Bt ding thiic duge chiing minh xong. Ding thiic x4y ra khi v& chi khi @ = b = ¢ = 1 hosic
a,b — +00,c — 0 va cac hoan vi.

MV

172 Cho cic sé duong x,y, z. Chiing minh bt ddng thic

x + y + £ >
8y + 2 8z +x 8r+y —

Loi gidi. Dat 2 = a?,y = b%, 2 = % (a,b,c > 0). Bat ding thitc can chitng minh trd thanh

a
—_— >
> mral

cyc
St dung bat ding thiic Cauchy Schwarz, ta cé

Z a N (a+b+c)?
V82 + 2 T av8b2 + 2 + bv8c2 + a? + ¢v/8a? + b?

cyc
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Do d6, ta chi can chitng minh

(a4 b+ c)? > a\/8b2 + c2 + by/8¢2 + a2 + c\/8a2 + b2

Xét 2 trusng hgp
Trudng hgp 1. Néu a > b > ¢, xét ham s6 f(a) = VT — VP, ta c

b 8ac
(a)=2a+b+c)— B8R+ — —
f@) ( ) Va2 +82  8aZ + 12
Fa)=2— 8bc? B 8h%c So_ 8bc? B 8h%c
B (a2 +8¢2)3/2  (8aZ +2)3/2 — (b2 +8¢2)3/2  (8b2 + b2)3/2
_ o 8¢ 8bc? 0

- >
27b (b2 +8¢2)3/2 =

Suy ra f’(a) 1a ham dong bién, do d6
2
f(a) > f'(b) = 4b— 3¢V 8b2 + ¢ —

Do d6 f(a) 1a ham ddong bién, nhu thé

2

- >0
Vb2 +8c2 T

fa) > f(b) = 4b% + be+ 2 — by/8b2 + 2 — by/b2 +8¢2 > 0

Trudng hgp 2. Néu ¢ > b > a, xét ham s6 F(c) = VT — VP, ta ciing ¢6

8bc ac
F'(¢c)=2(a+b+c)— 8a? + b2 — —
(c) ( ) V82 +a2 V2 +8b2
2 2 2 2
F'(¢)=2— 8a“b B 8ab So 8a“b B 8ab .
(82 +a2)3/2 (2 +8b2)3/2 (802 + a2)3/2 (b2 + 8b2)3/2
2
_g_B8a 8%

C 2T (8b2 4 a2)3/2 T

Suy ra F’(c) 1a ham dong bién, do do6

5 8v?
F'(c)> F'(b) =4b+ —a— V8a? + > — ——= >0
()2 F()=db+za-v VETR -

Nhu thé F(c) 1a ham dong bién, vay

F(¢) > F(b) = a® + ab + 4b> — by/a? + 8b2 — b\/8a% + b2 > 0
Bét ding thic dude chimg minh xong. Dang thitc x4y ra khi va chi khi a = b = c.

MV

173 Cho cic s6 thuc duong a,b, ¢ c¢d tong bing 1, ching minh rdng

\/cu_(bfc)Z4_\/b+(cfa)2_|_\/c_~_(afb)2 3

12 12

Loi gidi. St dung bat ding thic Cauchy Schwarz, ta cé

T A A Py AR at O3
(Z a4l 12)) =Y va+1- o g(Z(aJrl)) (Czy;‘“rl>

cyc cyc

da 1 (a—b)?
Za+1+§§ c+1

cyc
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Nhu thé, ta chi can chitng minh ring

4a 1 (a —b)?
i

Chi y rang

da (a —b)?
37;a+1 _;(a+1)(b+1)

Nén bat ding thic tuong duong

) 3 1
2 (a=b) ((a+1)(b+1) *c+1> 20

cyc

Mat khéc, ta lai c6

3 [ 12 112 1 3+18—¢ -0
(a+1)(b+1) c+1 7 (a+b+2)2 c+1 (B-¢c?2 c+1 (B—c)2(c+1)~
Do d6 bat dang thic can ching minh diing. Déng thic x4y ra khi va chi khia =b=c = 1.

Nhan xét. Bing cach lam tuong tu, ta cé két qua kha dep sau

\/H@+\/b+(c;a)2+\/c+@<¢g

Téng quat hon, ta c6 hing sbé k t6t nhat cho bat ding thiic

lak=2(2+V3).
C6 thé chitng minh két qua nay nhu sau
Sit dung bat déng thiic Cauchy Schwarz, ta cé

(b—o?) _ U [ar s ! at Ot
(B (23 ) <o) 523

cyc cyc

:<\/§+1) (Z J:L% +2_2\/§Z(a_b)2>

1
cyc 3 cyc c+ V3

Nhu vay, ta chi can chi ra ring

2—1/3 —b)? 3
cyc V3 cyc V3

Dit 7 = abc,q = ab+ be + ca thita c6 r < &, ¢ < 1, khi d6 bat ding thiic trén tuong ducng véi
9(2+\/§ r—q(6q+x/§) <0

Ta c6

9<2+\/§)r—q<6q+\/§> <3¢° <2+\/§>—q<6q+\/§) =g(3¢—1)V3<0

Vay ta c¢6 dpcm. Déng thitc xay ra khi va chikhia=b=c= % hodac a =1,b = c =0 va cac hoan vi.

VAV
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